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ABSTRACT
Bhattiprolu, Udbhau Ph.D., Purdue University, August 2015. Modelling and Mea-
surement of the Response of a Beam Interacting with a Polyurethane Foam Founda-
tion. Major Professors: Patricia Davies and Anil K. Bajaj, School of Mechanical
Engineering.
Buildings, railway tracks, drill strings and o↵-shore pipelines are all modeled as
structures on elastic foundations in order to study their response behavior under dif-
ferent conditions. Flexible polyurethane foams used for cushioning in the furniture
and automotive industries also serve as foundations, but they exhibit even more com-
plex nonlinear and viscoelastic behavior. It is challenging to develop models that can
be used to predict the behavior of these material-structural systems over a wide range
of loading conditions. The solution techniques are also computationally expensive,
making it di cult to use the models to do iterative design of these types of systems.
The research described addresses some of these issues. A pinned-pinned beam in-
teracting with a viscoelastic foundation which can react in tension and compression
(bilateral), as well as only in compression (unilateral) is considered. The model de-
veloped can be used to predict the response to localized or distributed, static and
dynamic forces. If the foundation reacts only in compression, the contact region
changes with beam motion and the estimation of the contact region is embedded into
the iterative solution procedure. The steady state solution is expressed as the sum of
an arbitrary number of modes and Galerkin’s method is used to derive the modal am-
plitude equations. Incremental harmonic balance is used to predict the steady-state
frequency responses e ciently. Pseudo arc-length continuation technique is used to
track both stable and unstable branches of the response and by using these computa-
tionally e cient solution approaches, it is possible to explore a wide variety of static
and dynamic loading conditions and also quickly determine the number of modes re-
xxii
quired for convergence. The influence of various system parameters on the response of
the beam on di↵erent types of foundations is studied, and the unilateral and bilateral
foundation cases are compared. To verify the applicability of the beam-viscoelastic
foundation model, an experimental rig was designed and a variety of base excitation
experiments were conducted. Predicted and measured responses were compared and
additional experiments were conducted to improve estimates of foundation material
and beam model. There is a good qualitative agreement between the experimental
and predicted responses but a few challenges remain, for example, for more complex
foundation models and for viscoelastic materials that take a long time to recover. In
these cases the behavior in the end-of-contact regions (unilateral case) may require
separate models for the foundation and the beam.
1
1. INTRODUCTION
In this chapter, the motivation and impact of the current research is described. Then,
a review of the existing literature is presented with a focus on models and methods
used, and the type of problems the researchers are interested in, with regards to
structures, more specifically, beams interacting with elastic and viscoelastic founda-
tions. The aims, objectives and contributions of this thesis are listed, along with the
organization and layout of this thesis.
1.1 Motivation
The understanding of interaction between deformable bodies has a lot of significance
in engineering. Examples of interacting structures include structures on elastic foun-
dations, laminated or composite materials, indentation processes, and structures in-
volving crack and fatigue. A majority of studies involving interacting structures are
primarily concerned with an elastic analysis of the interaction problem; however,
there are researchers finding opportunities and extending these studies to include
other types of material behavior such as nonlinear elastic, inelastic, viscoelastic, and
time dependent material properties. If the material and the structure it is interacting
with exhibit quite distinct sti↵ness and inertial characteristics, one may model the
combined system as a sti↵er structure (a rigid body with a known mass, or inertia) on
a softer elastic or a viscoelastic foundation (a series of springs and/or dampers). The
subsequent discussion of the examples and research opportunities (see Figure 1.1)
motivating this thesis, revolves around this concept of structures interacting with
elastic foundations.
Flexible polyurethane foams are used in automotive industry, in car seats to make
the seats comfortable [1]. They are also used in places where we may not expect
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such as in the bumpers, interior ceilings, the car body and its spoilers, and all doors
and windows. Because of its reduced weight, it improves the fuel economy, ensures
increased comfort and corrosion resistance, and also provides insulation and sound
absorption. These foams are also used in furniture, packaging and healthcare indus-
tries [2]. Similar to the comfort of a passenger in a car, it is important to have the
patient comfortable in surgical and/or ordinary recuperating beds in the hospital.
Although, foam in a car seat application is subject to both static and dynamic loads
through the structures or occupants it is interacting with, foam in hospital beds or
packaging mostly experiences quasi-static loading.
Few other classical engineering problems often modeled and studied as structures
on elastic foundation include buildings and railroad structures on soils, where soil is
often modeled as the elastic foundation. In marine and oil drilling applications, there
are mooring cables of floating structures, pipelines, or drill strings interacting with
the sea bed or the subsurface soil (for e.g., see [3, 4]). Even, tire vibrations caused
by interactions between the road and the vehicle, have been studied traditionally by
modeling tires as rings or circular shells on elastic foundations [5].
Indentation is one of the common methods used to evaluate some of the material
properties like hardness, or Young’s modulus of a material. In these tests a mechan-
ical sensing device is brought close to the substrate whose properties are of interest
and is pressed upon to obtain the properties like hardness, sti↵ness or yield stress.
Therefore, this is one of the potential applications and qualifies as examples of struc-
tures interacting with viscoelastic foundations. This idea over the years has grown
from characterizing simpler materials like metals to more complex materials under
much severe environments and complicated loading conditions. In the food processing
industry, these sensing techniques are used to measure the sti↵ness of bread [6,7], me-
chanical properties of oats and oat products [8], and viscoelastic properties of wheat
kernels [9]. The softness and texture of these foods being an important criteria for the
consumers’ perception of the quality of food, there is a scope for research potential
in characterizing these foods.
3
Figure 1.1. Research Applications: (a) hospital beds, [10] (b) railroad
structures [11], (c) seat-occupant systems [12], (d) biological and material
sensing, and atomic force microscopy [13], (e) onshore and o↵shore sub-
surface oil drilling [14] and marine applications, (f) medical devices like
stents [15], (g) tire modeled as ring or shell on elastic foundations [16].
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In micro- or nano-scale class of similar problems, sensing is done with a device
called atomic force microscope. Atomic Force Microscopy (AFM) is a very high-
resolution scanning probe microscopy, with demonstrated resolution on the order of
fractions of a nanometer. In AFM, a cantilevered probe with a conical or circular tip
is brought near the sample and the sample is indented quasistatically and scanned
over. In another mode of operation, called the “tapping mode”, the cantilever is
oscillated harmonically while the probe is being scanned over the surface. In the past
two decades, some of the interesting contributions of AFM include understanding the
elastic modulii of a number of polymers, multilayered biological films on lung- and
breast-cancer cells, human platelet cells, and bone and muscle cells (e.g., see [17,18]).
Because of the nature of the problem as described here, these problems can also fall
under the umbrella of structures interacting with elastic or viscoelastic foundations
(e.g., see [19, 20]).
In medical industry, a number of medical devices interact with muscle tissue,
skin, collagen etc. Mechanical response of metallic aortic stent can be studied with a
beam-on-elastic foundation model [15]. In other examples, elastic foundation models
have also been used as a mechanical approach to aging and wrinkling of human facial
skin based on the multistage buckling theory [21] in predicting contact pressures in
knee replacements [22], in analyzing bone-implants [23], and other biomechanics and
orthopaedic applications [24].
Thus to summarize, flexible polyurethane foam used for cushioning in the furniture
and automotive industries, building soils, and biological materials such as muscle
tissue or live cells, bread, and yeast in the food industry, all exhibit highly nonlinear
and viscoelastic behaviour. To design and optimize systems that incorporate these
materials as support structures, it is necessary to be able to understand and predict
the static and dynamic behaviour of these systems. With seat-occupant systems as
the primary motivation, the focus of this work is on understanding the response of
a pinned-pinned beam on a viscoelastic foundation. The goal is to then improve the
model and solution methods such that they could be used in design and optimization
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of systems incorporating these viscoelastic materials. While this is one of the simplest
type of systems of interest, what makes it a challenging problem to study is the
possibility of loss of contact between the structure and the foundation (see Figure
1.2). Previous work in this area can be classified into three broad categories based
on: (I) beam models (e.g., an Euler-Bernoulli beam or Timoshenko beam, [25]) and
foundation models (e.g., single, two-, or multi- parameter models, [26]), (II) beam-
foundation interaction models (e.g., the foundation reacts in compression only or it
can react both in compression and tension) and (III) type of responses of interest












Figure 1.2. Schematic of a pinned-pinned beam on a nonlinear tensionless
viscoelastic foundation illustrating the contact and non-contacting regions
along the length of the beam.
1.2 Beam and Foundation Models
AWinkler foundation, in which the supporting medium is taken into account as a sys-
tem of infinitesimally close springs, producing forces that are functions of the beam
displacement, is the simplest and most often adopted model. It assumes that the
foundation applies only a reaction force normal to the beam’s undeformed position
and that the reaction force is proportional to the beam deflection [27, 28]. These
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types of models are often referred to as one-parameter models. However, several
two-parameter models like those developed by Filonenko-Borodich, Pasternak, Kerr,
Vlasov and Leontev have also been utilized. See references [26, 29] and the citations
there in. Most of the one- and tow-parameter model are linear and only depend on
displacement. Polyurethane foam used in car seats, however, may not be character-
ized with these simple models due to strain level and strain rate dependencies. For
the flexible polyurethane foam used for cushioning in car seats, the elastic modulus
changes with the amount of compression in the material [1]. In Figure 1.3 is shown
a typical measurement of car seat foam when it is quasi-statically loaded in com-
pression and then unloaded. Nonlinearity and hysteresis are two characteristics of
foam immediately evident from the force-deflection curve. The three distinct com-
pression regions identified in Figure 1.3 correspond to three di↵erent compression
mechanisms [1]. Readers are referred to [30, 31] for more details on foam behaviour.
In region I, the struts that comprise of the foam cell walls bend elastically under the
action of a compressive load and the static sti↵ness (or the tangent to the curve)
remains approximately constant. Towards the end of this region and the beginning of
region II, the struts enter a buckling phase. Therefore in region II, they easily bend
with a very slight increase in load. In this region, the material is softer as indicated
by the tangent sti↵ness. Lastly in region III, a sharp increase in local sti↵ness is
observed as a result of compaction or densification of the material as the struts start
touching each other.
In this work, the initial compression behaviour (0-20%) of foam in region I and the
beginning of region II is modelled as a cubic polynomial. However, note that the mod-
elling approach or the solution technique proposed can be extended to higher order
polynomial nonlinearities, which also model the foam behaviour at higher compres-
sion levels. In modelling the foam behaviour, the damping or dissipation is assumed
to be composed of two parts: a damping force due to the velocity proportional dissi-
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Figure 1.3. Force displacement curve of a 7.47 cm flexible polyurethane
foam cube, from a 2.49 minute quasi-static uniaxial compression test.
Experimental data ( ).
included a viscoelastic term to account for the memory of foam [1]. It is typically a
convolution of hereditary kernel and the strain, strain rate or elastic stress [32]. It is
possible to incorporate these more complex models as well into the modelling and the
solution technique described in this work. The idea is to start the analysis with sim-
pler foundation models (such as the linear Winkler or Pasternak foundation) available
in the literature and gradually improve the foundations model to more sophisticated
hereditary and strain-rate dependent viscoelastic models [1, 12, 32–36]. Note that all
of these foam models for flexible polyurethane assume that the foam is uniformly de-
formed along one direction alone. With this modeling assumption, a foam block can
be approximated by a single spring and damper that undergoes compression along
the axial direction. One of the important objectives of this thesis is to understand the
non-uniform deformation of foam. That non-uniform deformation field is provided by
the beam deflection which varies along the length of the beam. This will allow us to
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be one step closer to real applications since the foam deformation a car seat under
the human occupant is not uniform. The simplest model of the foam foundation is
then a group of single degree-of-freedom spring elements, but with each spring being
compressed to a di↵erent level.
The choice of beam model depends on the problem being studied. For example, at
low frequencies, both the Euler-Bernoulli and Timoshenko beam models on a Winkler
type elastic foundation give similar results, though at higher frequencies the latter
model tends to be more accurate [25]. Because the beam in the present work is
assumed to be slender and because the applications of our interest fall into the low
frequency region (0-100 Hz), Euler-Bernoulli beam model is chosen.
1.3 Beam-Foundation Interaction Models
The most common beam-foundation interaction model (regardless of being Winkler or
Pasternak variety for the foundation, or being Euler-Bernoulli or Timoshenko model
for the beam) allows for both compressive and tensile stresses to exist across the
interface between the beam and foundation (bilateral foundation). If a downward
transverse load is applied to a beam resting on such foundation, the beam will be
compressed into the foundation. If the direction of the load is reversed, the beam
and the foundation are pulled up, creating a tension in the foundation. With railroad
tracks on soil foundation being one of the primary motivations, the static and dynamic
behaviour of infinite beams on elastic and viscoelastic foundations has been studied by
a number of investigators. The response of an infinite beam supported by a nonlinear
viscoelastic foundation subjected to harmonic moving loads was studied by solving the
governing equations using perturbation method in conjunction with complex Fourier
transformation [37]. The vibratory response of a Timoshenko beam supported by a
viscoelastic foundation with randomly distributed parameters along the beam length
and subjected to a harmonic moving load was investigated by employing appropriate
Green’s functions [38]. In most of these works the beam was assumed to be infinite
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and so any applied point load is centered on the beam and all the results emanate
from the inherent symmetry of the problem.
Vibration of a finite Euler - Bernoulli beam, supported by nonlinear viscoelas-
tic foundation traversed by a moving load was studied and frequency responses of
di↵erent harmonics, local stability and internal-external resonance conditions were
examined by [39]. Chaotic dynamics of a finite beam on Winkler type soil [40] and
the nonlinear dynamic behaviour and instabilities of a beam under harmonic forc-
ing [41] are some examples of the large body of research reported on finite beams on
bilateral foundations reported in the literature. However, in many of the applications
adhesion between the beam and the foundation is not assured and so the assumption
of bilateral behaviour (compression and tension of the foundation) is not appropriate.
For example, in cushioning applications (seat-occupant systems) or even in railroad
structures for that matter, the foundation cannot really react in tension. It has been
shown that the phenomenon of lift-o↵ is important as a triggering mechanism for rail-
road track buckling due to constrained thermal expansion [42]. Therefore, for such
applications, a more appropriate model would include a foundation which reacts to
compressive forces but cannot react in tension. To model such a foundation, described
as one-way, tensionless or a unilateral, is the other objective of this thesis.
1.4 Response of Beams on Elastic Foundations
The study of response of beams supported by a tensionless foundation is complicated
by the need to determine the contact region. Perhaps, it is because of this mathe-
matical di culty that the static and dynamic response of a beam on a tensionless
foundation has received only limited attention. In the earliest work reported in the
literature on this class of problems, the static behaviour of infinite beams resting on
tensionless foundations was studied [43, 44]. Investigations of an infinite beam on a
tensionless foundation under a moving load were carried out in order to determine
the conditions under which separation would occur [45] and also the location, mag-
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nitude and extent of the lift-o↵ regions [46]. Again, as mentioned before, the concept
of having to deal with infinite beams introduces natural symmetry in the problem,
which actually makes the solution relatively simpler.
Studies on the behaviour of finite and semi-infinite beams on tensionless founda-
tions do appear in the literature. For finite beams, one of two approaches are typically
adopted in these studies. In the first approach, referred to here as Method A, the
beam is divided into segments with contact with foundation and segments with no
contact with the foundation. Each of these segments has its own boundary condi-
tions including continuity across the segments. The governing equations are solved
giving an exact global or overall solution when the foundation is assumed to have
linear elastic properties. In the second approach, referred to here as Method B, the
global boundary conditions are applied and contact functions are defined based on
the solution in contact and non-contact regions. In this case the solution is approxi-
mated by using Galerkin/Ritz methods. In Method A, there is a governing equation
defining the behaviour of a segment of the beam, and the form of some terms in
the equations changes depending on whether the beam is in contact or not in con-
tact. In addition, the equations for each segment needs to meet the section-specific
boundary and continuity conditions. Using this method, the work in [47] studied the
static response under symmetric and asymmetric loads. Silveira, Pereira, and Gon-
zalves [48] developed a semi-analytical methodology, using a Ritz-type approach, to
study the elastic equilibria and instability in beams, columns and arches resting on
a tensionless Winkler-type elastic foundation. Though static and dynamic behaviour
of finite or semi-infinite beams resting on a tensionless Winkler foundation have been
studied under a variety of loading and boundary conditions [3,49–52], there has been
little research done on the nonlinear behaviour of beams or plates on nonlinear elastic
foundations. Most of these studies are focused on applications such as railroad tracks
on soil foundation, and damping is typically given little or no consideration. In the
applications of interest here, damping cannot be neglected since we are dealing with
structures interacting with supports or foundations made of viscoelastic materials.
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(a)
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(b)
Figure 1.4. Most common solution approaches used for studying the
response of beams on unilateral foundations. (a) Method A: beam is
divided into contact ( u) and non-contact ( e) segments and the equations
of motion in each segment are supplemented with continuity equations
for displacement and slope at the lift-o↵ points (indicated by partially
filled circles). (b) Method B: global boundary conditions (shown with red
arrows) and Galerkin discretization are used.
While in future, hereditary-type viscoelastic models will be included in the analysis,
as a first step, here the viscoelasticity of the foundation is modelled as velocity pro-
portional damping. In spite of this simple model of damping, this is a challenging
problem to study because of the potential of having only partial contact and the con-
tact region changing as the beam vibrates. Even with linear foundation models, when
there is partial contact the problem is nonlinear. The four cases illustrated in Figure
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Figure 1.5. Illustration of force due to the foundation Ff (w), where w is
the deflection for: (a) a linear bilateral foundation, (b) a linear unilateral
foundation, (c) a nonlinear bilateral foundation, and (d) a nonlinear uni-
lateral foundation. The foundation force Ff (w) = K1 w +K3 w3, where
K1 and K3 are the foundation sti↵ness parameters. In cases (a) and (b)
K3 = 0, and in cases (b) and (d), Ff (w) = 0 for w > 0.
1.5 are for: (1) a bilateral linear foundation with the same constant sti↵ness both in
tension and compression (see Figure 1.5(a)), (2) a unilateral linear foundation with
a constant sti↵ness in compression, which can be modelled as a bilateral foundation
with the nonlinear sti↵ness characteristic illustrated in Figure 1.5(b), (3) a case simi-
lar to (1), but with a cubic nonlinear sti↵ness in tension and compression as shown in
Figure 1.5(c) and lastly, (4) a case similar to (2), but with a cubic nonlinear sti↵ness
in compression as shown in Figure 1.5(d). From Figure 1.5(b) it can be seen that
the problem is nonlinear even though the material is linear. Also, when the beam is
oscillating the contact regions of the beam with the foundation for the unilateral cases
(2) and (4) are continuously changing. In the next chapter, this unilateral behaviour
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is modelled through the use of an auxiliary contact function H(w), where w(x, t) is
the beam deflection, x is the position along the beam length, and t is the time.
Investigators that used the Method A solution procedure [47, 48, 51] dealt with
simple loads giving rise to one or two contact regions. With Method A, as the
number of contact and non-contact regions increases, the number of governing partial
di↵erential equations increases as well with their own set of local boundary conditions
and continuity equations. If the loads are dynamic, the contact region can be expected
to change in every cycle making Method A very di cult to apply. Thus, Method B
(for e.g., see [48,49,51]) was chosen as the solution procedure in this research because
of the flexibility to handle a wider variety of loading conditions/deflection shapes. In
this technique it is possible to automatically handle multiple changing contact regions
and complicated static loads as illustrated in Figure 1.6. If the foundation is nonlinear
in addition to being unilateral, the solution has been approached in the literature by
perturbation methods like the method of multiple time scales (e.g., see [3, 52, 53]).
Figure 1.6. Necessary research improvements: (a) an arbitrary number of
contact regions, (b) three snapshots of a beam undergoing periodic motion
on a unilateral foundation, where udenotes lift-o↵ points.
For dynamic solutions, direct time integration of the governing equations of motion
is an obvious option though it is computationally costly, particularly when the system
takes a long time to reach steady state. Therefore, for determining steady state
responses, much more computationally e cient techniques such as the incremental
harmonic balance method. Incremental harmonic balance is an iterative method that
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improves on an initial guess of the harmonic balance solution. When the steady state
solution over a range of frequencies is of interest, the solution at a nearby frequency
is used to develop the initial guess for the solution already available at the new
excitation frequency. This reduces the number of iterations required to obtain an
accurate solution and thereby speeds up the computation. A number of researchers
from di↵erent engineering fields have used this method. Examples include [54] who
have used this method to study the bifurcation behavior of an articulated loading
platform, and [55] who used this method to analyze the dynamic response multi-
degree of freedom systems with cubic nonlinearities. Leung and Chui improved the
performance of the incremental harmonic balance method by using a fast Fourier
transform approach to compute solution for the increments in each iteration [56].
In recent investigations, the incremental harmonic balance method has been used
to study the nonlinear vibrations of axially moving beams [57], and also to study
nonlinear vibrations of a curved beam subject to uniform base harmonic excitation
with both quadratic and cubic nonlinearities [58]. The incremental harmonic bal-
ance method has not been used to investigate the steady state periodic responses of
structures interacting with elastic and viscoelastic foundations. However, researchers
like [59] have studied the steady state response of simpler systems like linear bear-
ing with piecewise-nonlinear sti↵ness by multi-term incremental harmonic balance
method. In this work and other works related to the dynamic response of systems
with unilateral contact, e.g., one-way clutches, bearings, gear backlash, the systems
have been modelled as 1 , 2 , or 3  degree of freedom systems with piecewise linear
or nonlinear sti↵ness and/or damping [60–66].
A more comprehensive and thorough mathematical treatment of dynamics of
discontinuous and non-smooth dynamical systems can be found in the works of
Leine [67, 68]. These studies do not use incremental harmonic balance method; how-
ever, whichever method they use, they are interested in response behavior around
one or two frequencies and the contact function defining the unilateral behaviour is a
function of a single dependent variable which is just a function of time. Even though
15
the degrees of freedom in most of these problems are not more than three, they are all
complex and interesting at the same time from the nonlinear dynamics point of view.
However, if the study of response of structures interacting with a unilateral foun-
dation is of particular interest, there will be space dependence in addition to time
dependence. In this thesis, the use of incremental harmonic balance to predict the
steady state response behaviour of a pinned-pinned beam on a nonlinear viscolelastic
foundation when subject to harmonic loads is described. The methodology proposed
here can be extended to study the steady state response of other structures for both
bilateral and unilateral foundation cases.
1.5 Goals, Objectives and Contributions
As mentioned earlier, the focus of this work is on the modelling and prediction of
the dynamic response of structures interacting with foundations that are made up
of nonlinear viscoelastic materials. Understanding the response is also expected to
help improve the models such that they can be used in design of systems that incor-
porate such materials. More specifically, the aim of the thesis is to investigate and
understand how a beam responds to static as well as dynamic loads when interacting
with a flexible polyurethane foam foundation. The other related objectives are: to
develop an e cient solution method so that the e↵ects of system parameters on the
response can be studied quickly, and also to design and perform experiments in order
to improve the model. Such a model, solution procedure and experiment could then
be utilized in characterizing the materials like polyurethane foam and estimate the
model parameters. Later, this knowledge can be extended to design and optimization
of systems incorporating and interacting with viscoelastic materials.
To specifically address the issue of contributions of the thesis, consider the example
of a pinned-pinned beam resting on a viscoelastic, nonlinear and tensionless founda-
tion. The problem is formulated to study the response behaviour when the beam is
subject to an axial static load, and transverse static and dynamic loads. Galerkin’s
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method using linear modal basis functions is employed to derive the nonlinear modal
amplitude equations. These equations also involve the co-ordinates of the unknown
lift-o↵ points which are to be determined as a part of the solution procedure. The
modal amplitude equations are solved by using a Newton-Raphson technique and
lift-o↵ points are obtained from the beam deformation shape predicted at each stage
of the iteration. The locations where the beam deflection is zero, are determined by
using a bisection method which was found to be more reliable than other root solving
methods. Method B has some limitations, though, they are controllable. The primary
limitation comes from having to deal with the high number of modes that need to be
included in the solution to achieve convergence and to reach the required accuracy.
As the number of modes increase, the spatial integrations required to evaluate the
terms in amplitude equations at each iteration become computationally expensive.
This issue is circumvented by developing a procedure whereby the modal basis func-
tions are expressed in complex exponential form, their products in the integrands are
expressed as a sum of complex exponentials and convolution is utilized for multipli-
cation of terms. Another challenge is defining the contact function dynamically as
the estimates of the modal amplitudes converge to the final solution. Within each
iteration, the current estimate of the beam deflection is used to determine the num-
ber of contact and no-contact regions and the approximate locations of lift-o↵ points
that define the edges of those regions. The bisection method was found to be the
most reliable method for determining the location of the lift-o↵ points to a required
accuracy with in each iteration. Note that the approach allowed existence of mul-
tiple contact and non-contact regions to be easily handled, which may exist under
most general static and dynamic loading scenarios. In case of harmonic excitation,
the steady-state frequency response of the system was e ciently predicted using in-
cremental harmonic balance method which was augmented with pseudo-arc length
continuation technique.
Finally, note that no experiments have been reported to date on beams or other
structures interacting with viscoelastic foundations. An experimental test rig is de-
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signed and fabricated to qualitatively replicate the model developed for the pinned-
pinned beam on a nonlinear viscoelastic (or polyurethane) foundation. Transient and
steady-state harmonic base-excitation experiments are conducted and the experimen-
tal results shed light on the ways to improve the system model.
1.6 Layout and Organization of This Thesis
The organization of the rest of the document is as follows. A model for the dynamics
of a beam on a nonlinear, unilateral viscoelastic foundation is described in Chapter
2. Prediction of static response and the solution methodology is detailed in Chapter
3. Chapters 4 and 5 respectively include the predictions of steady state response
to dynamic loads using time-integration and incremental harmonic balance methods.
The examples in Chapters 3, 4 and 5 could be considered as demonstrations of the
model’s capability in investigating the beam’s response to complex loading situations
with e cient solution techniques. In Chapter 6, the details about experimental fixture
design, and how some of the parameters of the system are determined, as well as
the experimental procedures are presented. Experimental results are then compared
with model predictions based on estimated parameters, and model improvements are
suggested. The summary of the thesis, conclusions and recommendations for future
work are presented in Chapter 7.
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2. MODELING OF A BEAM ON A NONLINEAR UNILATERAL
VISCOELASTIC FOUNDATION
This chapter is concerned with the first objective of this thesis: the mathematical
modeling of a beam interacting with a nonlinear viscoelastic and unilateral founda-
tion. Various forces that contribute to the equation of motion and some possible
model structure refinements are explained. The foundation can either react in com-
pression as well as tension (bilateral), or react only in compression (unilateral). In
order to study the dynamic behavior, the equation of motion is discretized using the
Galerkin’s approximation where the solution of the beam-on-elastic foundation model
is expressed as the sum of an arbitrary number of linear pinned-pinned beam modes.
This results in nonlinearly coupled system of second-order ordinary di↵erential equa-
tions governing the modal amplitudes.
2.1 Basic Beam-Foundation Model
A homogeneous pinned-pinned beam of length 2L on a nonlinear, viscoelastic and
unilateral foundation is considered, as illustrated in Figure 2.1.
In the illustration, concentrated loads are applied at x1 =  L/2 (denoted as
F10), x2 = 0 (denoted as F20 + F2t(t)), and x3 = +L/2 (denoted as F30). The
model can easily account for multiple concentrated (Fi0  (x  xi0) or Fit  (x  xit)),
or distributed (Q(x, t)) transverse static or dynamic loads [49] or axial loads (P ).
Damping is assumed to be composed of two terms: Co
@w
@t
is the damping force due




the damping force due to the foundation. The latter force acts along with Ff only
where the beam and foundation interact with each other. Here the foundation is
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Figure 2.1. A schematic of a pinned-pinned beam on a nonlinear, tension-
less, viscoelastic foundation illustrating the parameters and terminology.
F10, F20, F30, F2t are applied forces; K1, K3, G and Cf are foundation




+ K1 w + K3 w3 , where w(x, t) is the deflection of the beam and K1, K3
and G are the foundation sti↵ness parameters [69]. By using Hamilton’s principle
and employing Euler-Bernoulli beam theory, the equation of motion of the beam on






























= Q(x, t) +
X
i
Fit(t)  (x  xit) +
X
i
Fi0  (x  xi0). (2.1)
Here   is the Dirac delta function and H(w, ẇ) is an auxiliary contact function used
to account for the contact and non-contact regions of the beam with the foundation.

























The spatial points xit are where the harmonic (or time-dependent) loads are ap-
plied and xi0 are the locations of the applied static loads. The boundary conditions
for the pinned-pinned beam are the standard ones:
w( L, t) = w(L, t) = 0 (2.3)
@2w
@x2
( L, t) = @
2w
@x2
(L, t) = 0






















































































= q(⇠, ⌧) +
X
i
fi⌧ (⌧)  (⇠   ⇠i⌧ ) +
X
i
fi0  (⇠   ⇠i0). (2.5)
























For convenience, the hat on ŵ has been dropped in the above equations and in the





is assumed where N is the total number of modes considered, Tn are the time depen-
dent parts of the solution or the modal amplitudes, and ⌅n(⇠) = sin(n⇡ (1 + ⇠) /2)
are the well-known free vibration linear modes of a pinned-pinned beam over the
domain [ 1, 1]. These modes are orthogonal to each other in the interval [ 1, 1].
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In subsequent sections, the term mode may not mean these basis functions of the
linear pinned-pinned beam, because in the presence of nonlinearities and/or mean
static loads these linear pinned-pinned beam modes are no longer valid modal bases
for the beam equation and are just contributing terms to the total deflection of the
beam. In presence of nonlinearities, or non-zero mean in the transverse harmonic
load, more than one beam modes are expected to participate. However, based on the
loading configuration and the frequency of excitation one of the beam modes could
be more predominant than the others. Using these basis functions and employing
the Galerkin’s method, N equations for Tn(⌧), n = 1, 2, . . . , N can be derived and
expressed in matrix form as:
MT̈ + CṪ + [K1 +K3(T)] T   F = 0, (2.8)
where M is an N ⇥N identity matrix, and C and Ki are symmetric N ⇥N damping
and sti↵ness matrices, respectively. T = [T1, T2, T3, . . . , TN ]T are the modal ampli-
tudes and dots in the above equation represent the derivative with respect to non-
dimensional time. F is the load vector.
The elements of matrices C, K1, and the vector function F are:















































where  ij is the Kronecker delta, where i = 1, 2, ..., N , j = 1, 2, ..., N , and EI is the
flexural rigidity of the beam. The elements of the sti↵ness matrix K3(T) arising due



















Note from Equation (2.11) that the indices i, j, k, l only change the order of the
integrands but not the result of integration. Thus, for example, K31211 = K32111 =
K31121 = K31112. The sti↵ness matrix K3(T) arises due to the cubic nonlinearity
from the foundation, and is a function of the modal amplitudes. This function along
with the functions K1 and C depends on the contact and non-contact regions of the





in Equation (2.6) and therefore are
also implicitly functions of modal amplitudes. The bilateral case, when the foundation






throughout the length of the beam.
2.2 Modifications to the Beam-Foundation Model
In this section, some modifications to the existing beam-foundation model are pro-
posed, bearing in mind the situations that could arise or exist in the experimental
system to be described in Chatper 6. If both the ends of beam are pinned to immov-
able supports, the beam undergoes stretching when vibrating. Therefore, stretching
nonlinearity should be incorporated in the model. In addition, if concentrated masses
are to be used for applying static loads and/or base excitation is to be used to realize
the harmonic loading, one needs to account for the corresponding inertia terms as
well. Static loading can also be applied by placing the beam on undeformed foam
bed, and pulling both the pinned ends down to a certain height. This process from
here on in the document will be referred to as precompression. Furthermore, because
the foundation is proposed to be made out of polyurethane foam, hereditary type
viscoelastic terms have to be introduced in the model. Because of the non-uniform
deformation possible in the foam foundation, shear e↵ects (Pasternak foundation)
may have to be modeled as well. The type and form of terms that appear in the
model due to each of these e↵ects are discussed in the subsequent sections.
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2.2.1 Foundation Model
A number of investigators have developed models for the combined elastic and vis-
coelastic response of polyurethane foam. Some of the successful foam modeling tech-
niques are based on the assumption that the total foam force can be decomposed
into the sum of a nonlinear elastic and a linear viscoelastic contribution [1,33,70]. A
polynomial function of strain was proposed as a model for the elastic behavior of the
cellular solid, based on fits of the model to experimental data [?, 1]. The viscoelastic
contribution was modeled with a hereditary integral as a linear function of strain. In-
corporating one of the recent models [71] the current model for the beam-foundation
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Note that V1 and V2 are the responses of the following di↵erential equations, which
can be derived by taking the Laplace transform of the convolution and recognizing
s as a di↵erential operator. For the simplest case, where the terms have only one
exponential term in the kernel: J1 = J2 = 1. Thus, V1 and V2 can be expressed as:
@V1
@t
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In addition, because there will be a non-uniform deformation in the polyurethane
foam foundation as the beam compresses on the foundation, it is likely that shear oc-
curs in the foundation. However, the polyurethane foam models listed above can
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only successfully predict the unidirectional deformation behavior of polyurethane
foam. Therefore, these models need to be modified to characterize shear in the foam
foundation. As a first step, one might model the shear by considering a Pasternak
foundation instead of a Winkler foundation model.
2.2.2 Base Excitation
It is often convenient to express the equation of motion in terms of relative displace-
ment wr(x, t) = w(x, t) - z(t), where w(x, t) is the absolute beam motion, and z(t) is
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Here, the two additional terms on the right hand side of the above equation are as
a result of base motion. Also, note that the terms V1 and V2 in Equations (2.13)
  (2.15) should be defined in terms of the relative displacement wr for the base
excitation case.
2.2.3 Stretching Nonlinearity
The axial stress in the beam is really a combination of the residual stress, which exists
in the rest state, and axial stress due to stretching of the neutral axis of the beam.
Beam stretching introduces additional axial load dependent on the deflection of the
beam. This phenomenon is also called mid-plane stretching in the literature [72]. For
the case when the pins are on rigid supports and not on roller supports as shown in
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Figure 2.1, beam mid-plane stretching [72] is included with a mean axial load (P ).
Including the stretching force proportional to the EA
L
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2.2.4 Implementation of Static Loads
If base excitation is considered as a means to apply the dynamic loads, then applying
concentrated static loads on the beam is a bit challenging. For example, concentrated
static loads can be realized with pulleys and strings in which one end of the string is
attached to weights and the other to the beam at appropriate points along the length
of the beam. However, oscillating weights, taut and loose strings, rotary inertia of
the pulley’s might all also play a role in the dynamics of the system and therefore
need to be included in the model. An easier way to apply static loads is by attaching
concentrated masses on the beam. However, because of the inertia of these masses,
it will be a totally di↵erent dynamic problem. In addition, there will be a limitation
on the size of the mass without having to include the rotary inertia of the masses.
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In order to understand the influence on the response of the foundation in the form
of a the polyurethane foam, the static loading is important. As can be seen from
Figure 1.3, foam has di↵erent sti↵ness and damping properties at di↵erent levels of
compression. Therefore, to be able to see more interesting behaviour, it is proposed
here that the dynamic loads should be applied around di↵erent static equilibria. The
experiment is also designed such that this can be a possibility. Another alternative
method of applying a static load is described in the next section.
2.2.5 Precompression
Precompression in foam can be achieved by pulling both the pinned ends downwards
as shown in Figure 2.2. Pulling the beam downwards introduces a reaction force in the
foundation, which in turn deforms the beam as illustrated in the figure. The initial
curvature of the beam can be obtained by solving the steady-state equilibrium equa-
tions subject to appropriate non-homogeneous displacement boundary conditions.



























Figure 2.2. An illustration of pre-compression achieved by pulling the
pinned ends downwards.
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Consider the simplest case of a linear beam-model on linear bilateral foundation
without concentrated masses. Pulling the pinned ends downwards can be treated








+ (Co + Cf )
@wr
@t
+ K1 wr = 0. (2.20)
The only loading applied is through the displacement boundary conditions. The
boundary conditions are:
w(0, t) = w(L, t) =  h(t); w00(0, t) = w00(L, t) = 0. (2.21)
The non-homogeneous boundary conditions can be converted to homogeneous condi-
tions through s change of variables. With v(x, t) and w(x, t) as shown in Figure 2.2,
we can see that, v(x, t) = w(x, t) + h(t). Equation (2.20) can be rewritten in terms
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= 0. In that case, the
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The steady state solution that is obtained by solving Equation (2.23), vss(x, tss) =
v0(x), can then be used as initial curvature and perform further dynamic analysis.
Thus we can write,
v(x, t) = v0(x) + v̂(x, t) (2.24)
where, v(x, t) is the total response, and v̂(x, t) is the dynamic perturbation along the
initial curvature or static deflection v0(x), which is a solution of Equation (2.23) with
homogeneous boundary conditions. Equation (2.24) can then be substituted into the
terms on the left-hand side of Equation (2.22) with dynamic forcing terms of Equation
(2.19) on the right hand side of Equation (2.22) to give the following equation of the
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Note that this final form of equation assumes is valid for the beam resting on a pre-
compressed or uncompressed foam foundation, undergoing large (or small) amplitude
oscillations. Also the beam may or may not be in contact with all or a part of the foam
foundation. Note that wr is defined along the w-direction from the zero equilibrium
position of the beam.
2.3 Summary
A model to predict the static and dynamic response of a pinned-pinned beam on a
nonlinear, unilateral and viscoelastic foundation is developed in this chapter. Even
though a pinned-pinned beam is considered, the model would remain the same for all
other boundary conditions. Only, the linear mode shapes considered as the spatial
part of the solution in Equation (2.7), will change based on the boundary conditions.
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The most general form of the equations are derived in this chapter. However, in
the subsequent chapter, some of the parameters will be set to zero in the numerical
examples. The solution techniques for predicting the static and dynamic response of
the beam will be described in subsequent chapters.
30
3. PREDICTION OF STATIC RESPONSE
In most engineering applications, the dynamic response of a system around a static
equilibrium position is often of interest. Also, if the foundation is nonlinear and vis-
coelastic in nature, the local static response behaviour could be quite significantly
di↵erent at di↵erent levels of compression. For example, in automotive car-seat ap-
plications, a person sitting on a car-seat and traveling on a road, will experience
random low frequency oscillations about a static equilibrium position and depending
upon the level of compression of the foam in the seat, the same seat can feel hard or
soft. Similarly, in biological sensing applications, the response of the sensor in con-
tact with the biological sample (muscle or tissues) will vary depending on the level of
indentation into the sample. Therefore, it is important to study and understand the
static response.
3.1 Solution Procedure - Convolution Method
For the static case with a constant load (F), the vector of modal amplitudes T is
constant in Equation (2.8). Therefore the equation of motion is simplified to:
[K1 +K3(T)] T   F = 0, (3.1)
where K1 and K3 are the sti↵ness matrices. The static solution of the system for
the case of a linear sti↵ness foundation is obtained by setting k3 = 0. The modal
amplitudes can then be obtained by solving,
K1T = F. (3.2)
However, for the nonlinear case when k3 6= 0, the vector, K3 is a function of the
modal amplitudes and depends on nonlinearity in the foundation as well as on the
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unknown lift-o↵ points and the corresponding contact lengths. The matrix K1 simi-
larly, is unknown because of the unknown contact regions.
The solution methodology described in this section is applicable for both linear
and nonlinear foundation models. Because the contact length is not known a priori
and because the foundation reacts only in compression and not in tension, even for
the case when the foundation is linear, the problem is nonlinear and the solution is
determined by using an iterative scheme. The initial guess in this iterative scheme
is a deflection shape, denoted by T0. By using Equation (2.7), and to a correspond-
ing approximation to the deflection of the beam, w̃(⇠) can be constructed where (˜)
over a symbol here denotes an approximation to the solution. The lift-o↵ points,
 ̃0, for such initial guess are obtained by solving the nonlinear transcendental equa-
tion w̃(⇠) = 0 numerically. First, w̃(⇠) is evaluated for a range of values of ⇠ to
find approximate locations of the lift-o↵ points based on the change of sign in w̃(⇠).
The estimates are then refined again employing the bisection method. The estimated
lift-o↵ points along the beam transition between the contact and no-contact regions,




0, . . . ] obtained are used to evaluate the matrices K1 and K3 in
(Equation (2.9)). The expressions for the terms in K1 and K3 are given in Equa-
tions (2.9)-(2.11). With the updated matrices and the initial guess vector T0, the N
nonlinear equations for the modal amplitudes in Equation (3.1) are solved by using
a Newton-Raphson iterative technique. The new estimates of the modal amplitudes
T are then used to refine the estimates of the locations of the lift-o↵ points, again
by using the bisection method. These iterations are carried out until the prescribed
tolerance is achieved on the function value [K1 +K3(T)] T   F, which should be 0
for the exact solution (T,  0) . This tolerance is usually set to five orders of magni-
tude less than the highest deflection possible for a particular time of loading. Note
that the bisection method was chosen to find the lift-o↵ points because more sophisti-
cated steepest descent algorithms did not always converge or find all the lift-o↵ points.
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In the Newton-Raphson iterations, a numerical Jacobian computed by finite dif-
ferences is used to converge to the solution as opposed to a closed-form Jacobian.
Finding the slope of Equation (3.1) in closed-form is not possible because of the lack
of knowledge of the contact behaviour, unless some information about the number of
contact and non-contact regions can be deduced from the loading. For simple loading
conditions, it is possible to choose the general characteristics of the deflection shape
and the number of contact and non-contact regions. In such cases, a closed-form
Jacobian can be realized for computational e ciency. However, the current imple-
mentation of a numerical Jacobian is not to be perceived as a shortcoming. If the
di↵erence in the results between two consecutive iterations is lower than 10 5, the
results obtained from a numerical Jacobian are accurate with 0.05% for the case of a
single concentrated load acting at the center of the beam on a unilateral foundation.
These numbers must not be thought as fixed tolerances, they change on a case-by-case
basis, and a little bit of iteration is necessary. But, for complex loading conditions
that arise in a broader spectrum of practical applications, especially when the loads
are dynamic, lack of initial knowledge of the contact behaviour is inevitable. The
objective in developing this solution was to have a solution method that would also
work in more complex situations. In the current solution scheme, there is no restric-
tion on the type or number of loads or on the number of contact regions; this is in
contrast to the previous works in this area (see for e.g., [47–49, 51]). The approach
introduced in this research is more general and is valid for more complicated cases of
loading with multiple contact regions.
As will be seen in the subsequent sections, the number of contact regions, the rela-
tive foundation-beam sti↵ness and the type of loading strongly a↵ect the convergence
of the solution. In such situations, it is desirable to increase the number of modes
included in the solution, and compare the di↵erences in iterations, the time taken
for convergence and the final solution. Also, the solution technique must be capable
of automatically accommodating multiple and changing lift-o↵ regions. Note that, if
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one wants to understand the response to dynamic loading, all the issues mentioned
above have to be addressed at every time-step, thus it is also important to have a
computationally e cient and robust solution methodology. In particular, evaluat-
ing the integrals in Equation (2.9) is computationally intensive. To address this, a
technique is proposed to compute these integrals by expressing the products in the
integrand as a sum of complex exponentials (see Appendix B). The coe cients of
the resulting product can be determined by convolving the coe cients of the two
individual complex harmonic series being multiplied together. Multiple successive
convolutions can be used for higher order terms. In contrast to restricting the so-
lution to a particular defection shape, conventionally simplifying the integrands and
calculating the integrals, the proposed approach not only handles a high number of
modes and multiple contact regions, but also results in a very large reduction in com-
putational time, thus setting the stage to study the response to dynamic loads as well.
An example shown in Figure 3.1 illustrates the manner in which a deflection shape
evolves from an initial guess to the final solution (blue-thick or green-dashed lines).
The inputs to the solution procedure are an initial guess, the number of modes to be
included in the solution, the system parameters and the loading. The solution scheme
updates the number of lift-o↵ points and hence the contact regions in every iteration
while converging to the final equilibrium shape. If the norm of the di↵erence between
the modal amplitudes (Ti) in two consecutive iterations is less than 10 9 mm, then the
solution is deemed to be converged. The initial guess for T0 in most of the examples
in this paper is a vector of normally distributed random variables with zero mean
and unit standard deviation. By using this initializations approach, it was found
that the solution always converged (50 out of 50 times for each case considered),
if the linear sti↵ness K1 of the unilateral foundation is below 107 N m 2. For a
nonlinear foundation, the solution did not always converge from such an initial guess
if K3 > 106K1, where K1 > 40, 000 N m 2. However, the solution converged seven
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out of ten times when the linear solution with K3 = 0 was an initial guess to the
































both iterations converge towards




Figure 3.1. Predicted beam deflections during the iterative solution from
initial guess to final static solution. K1 = 42, 500 N m 2, F1 =  15 N, x1
=  0.3L, F0 = 18 N, x0 = 0L, F2 =  10 N, x2 = 0.5L. Iteration numbers
are indicated in the boxes E.g., 1 , 2 . The blue-thick ( ) and green-
dashed ( ) lines are iterations starting from two di↵erent intial guesses
leading to the same final solution (the darker the color, the closer is the
iteration is to the final solution); lift-o↵ points in each iteration are shown
as circles; zero load equilibrium ( ).
While the subsequent examples (and in Figure 3.1), a 300 mm ⇥ 25.4 mm ⇥ 1 mm
pinned-pinned aluminium (E = 70 GPa) beam was considered. The modelling pre-
sented in Chapter 2 is not limited to these examples but is more general and widely
applicable. The sti↵ness characteristics of the foundation in most of the examples
shown in this chapter were obtained from a 2.53 minute quasi-static compression test
data on a 76.2 mm polyurethane foam cube [34]. A linear approximation to the
elastic curve at various pre-compression levels is used. For example, K1 = 42,500 N
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m 2 corresponds to the sti↵ness of some polyurethane foams close to zero percent
compression. While these sti↵ness values are typical of car seat foams at low com-
pressions, the CONFOR foams primarily used in impact absorption can be 5-10 times
sti↵er and the sti↵ness of both types of foams at very high compressions can be sig-
nificantly bigger than that at low compressions. In examples shown, if not mentioned
specifically, the foundation is assumed to be tensionless, i.e., the foundation is not
attached to the beam. This re↵ered to as the unilateral case interchangeably.
3.2 E↵ect of Number of Modes N
The solution hast to be approximated by using a sum of a finite number of modes. But
how many number of modes can be considered enough? In this section, an attempt
to answer this question by studying the e↵ect of number of modes on the convergence
of the static solution is described. Note that the lower the number of modes, the
more computationally e cient the solution process is, so there is a trade-o↵ between
accuracy and the computation time.
In Figure 3.2, the static deflection shapes of a beam on a linear unilateral foun-
dation of sti↵ness K1 = 42, 500 N m 2 are shown. A concentrated load F1 =  15 N
is applied at x1 =  0.9L. First, five modes are considered in the solution and the so-
lution is shown by the lightest blue line. Gradually, the number of modes considered
is increased to twenty (lines in the figure darken to the darkest-blue line at N = 20).
Note that while the solution seemed to converge as the number of modes is increased,
there are significant disparities in the way the solution converged at di↵erent loca-
tions along the length of the beam (see the inset figures in Figure). Hence, instead of
choosing the deflection at an arbitrary point as a norm to decide about convergence,
a supremum norm between two consecutive modal approximations is used. That is,
the maximum di↵erence between an N th mode and (N  1)th mode approximations is









































Figure 3.2. Static deflection shape for a load F1 =  15 N applied at
x1 =  0.9L for di↵erent order solutions. 5 mode approximation ( )
through 20 mode approximation ( ) are shown. Inset figures show
the contrasting ways in which the modal approximations converge at two
di↵erent locations along the length of the beam. The zero load equilibrium
position is shown by ( ).
of the maximum deflection in the static response, the solution is said to be converged
with respect to the number of modes.
It is also important to investigate how the solution is a↵ected by the type of load-
ing. For this reason, the load F1 =  15 N applied at x1 =  0.9L is now gradually
moved in steps of 0.1L towards the middle of the beam, thereby changing the asym-
metric loading to a symmetric loading. The convergence of the solution as a function
of number of modes in the solution is illustrated in Figure 3.3 for two di↵erent foun-
dation sti↵ness values, and the converged deflection shapes are shown in Figure 3.4.
Clearly, from the results in Figure 3.3 and the insets, it can be seen that twenty modes
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Figure 3.3. Illustrations of the convergence behaviour of the solution
with increasing number of modes as the point of application of load F1 =
 15 N is changed between x1 =  0.9L ( ) to 0L ( ) for a foundation
sti↵ness of: (a) K1 = 42, 500 N m 2, and (b) K1 = 212,500 N m 2. Inset





































































Figure 3.4. Converged deflection shapes with a 20-mode approximation
as the point of application of load F1 =  15 N is changed between x1 =
 0.9L ( ) to 0L ( ): (a) K1 = 42,500 N m 2, (b) K1 = 212,500 N
m 2. Inset in Figure 3.4(b) is a zoomed-in view of the deflection shapes
corresponding to x1 =  0.2L,  0.1L and 0L. There are two lift-o↵ points
( e) for the last case.
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trend to compare one curve with another because depending on the location of the
applied load, some modes participate and some modes do not. But, overall one can
see that convergence is reached when the number of modes is > 15. After N = 15
the maximum change is ⇡ 0.04% of the maximum deflection for the softer foundation
and is ⇡ 0.07% for the sti↵er foundation. The static deflection shapes as the point
loading position is changed plotted in Figure 3.4 are for twenty-mode approximations.
In Figure 3.4(a), one lift-o↵ point is seen if the load is applied anywhere in the first
quarter of the beam’s length from the left end. However, if  0.5L < x1 < 0, there
is no lift-o↵ of the beam for this loading level and sti↵ness value. Also, the highly
asymmetric nature of the deflection shape when the load is nearer to the left-end
becomes symmetric when the load is at the center, as expected. This can also be seen
from Figure 3.3(a) - the even modes do not participate for the darkest blue curve
corresponding to the load being applied at the center of the beam.
A similar example for a higher foundation sti↵ness is shown in Figure 3.3(b) and
Figure 3.4(b). The foundation sti↵ness considered is five times higher than the value
in the previous example (K1 = 212, 500 N m 2). This case approximately represents
the behaviour of sti↵er foams used in impact absorption applications. Even in this
case, twenty modes are su cient for convergence. Because of the higher sti↵ness,
the deflections lower in magnitude and the ratio of positive deflections to negative
deflections along the beam is higher than in the previous example. This is due to
the foundation providing a greater resistance to deflection and thus the beam is more
free to move upwards than downwards. Another noticeable di↵erence is in the lift-o↵
behaviour. As the location where the load is applied is changed from x1 =  0.9L to
x1 = 0L, the number of lift-o↵ points changes from one to two. The two lift-o↵ points
are symmetric with respect to zero when x1 = 0L. This phenomenon is shown in the
inset in Figure 3.4(b).
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In summary, while in both of the above examples, including twenty modes gave
consistent and credible equilibrium shapes, it should be noted that the convergence
is highly dependent on the type of loading, relative foundation-beam sti↵ness (k1 =
K1/(EI/L4)) and the number of lift-o↵ regions. Complex loading situations might
give rise to more lift-o↵ regions and hence would require a higher number of modes to
be considered in the solution. Even though the evaluation of the integrals in Equation
(2.9) appears to be di cult with the high number of modes and/or lift-o↵ regions,
especially if K3 6= 0, the current solution technique is quite e cient and works well
in such situations.
3.3 E↵ect of Nonlinearity
As described in Chapter 1, and illustrated in Figure 1.5, even for a linear unilateral
foundation the problem is nonlinear. This is illustrated in more detail in Figure 3.5,
where 20-mode solutions are plotted. In this example, a concentrated load F0 is ap-
plied at the center of the beam, i.e., at x0 = 0. On a bilateral foundation (foundation
attached to the beam and the foundation can be in compression or tension), as the
compressive load is doubled from F0 =  10 N to F0 =  20 N, the mid-point deflec-
tion of the beam is doubled as well. Similarly, if the magnitude of the load remained
the same but the sign is reversed, so did the mid-point deflection, showing the linear
character of the response on a linear bilateral foundation. Note that the sti↵ness
model is symmetric fro postive and negative deflections. However, on a unilateral
foundation, although the deflection is doubled when the compressive load is doubled,
the change in deflection is not proportional to the change in load when the load re-
verses sign (beam pulled upwards) with no change in magnitude, because the static
response of the beam on a unilateral foundation in the upwards load on the beam
case, corresponds to that of a pinned-pinned beam under the same loading with no




























Figure 3.5. Static deflection shapes on a linear bilateral foundation ( ),
unilateral foundation ( ), no foundation ( ). The zero load equilib-
rium ( ) is also shown. The parameters are, K1 = 42500 N m 2, x0 = 0,
F0 =  10, 20 or 10 N.
a unilateral foundation is only piecewise linear, and reacts di↵erently when the load
directions are changed.
Consider the response when a bilateral foundation is nonlinear, i.e., when K3 6= 0.
Example responses using a 20-mode solution are shown in Figure 3.6. The param-
eter values for K1 and K3 are chosen such that the force-deflection curve in Figure
3.6 approximately emulates the softening type behaviour of the foam at around 10%
compressive strain as shown in Figure 1.3. For a linear foundation, as expected, the
midpoint deflection is proportional to the applied force. The nonlinear foundation
exhibits a softening behavior under the action of compressive load. For low compres-
sive loads the midpoint deflection is proportional to applied load similar to the linear
foundation case. But after F0 = 6 N, the foundation gets softer and therefore the
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Figure 3.6. The midpoint deflection on linear ( ) and nonlinear bilat-
eral ( ) foundations. The beam deflection shapes ( ) are shown in
the insets along with zero load equilibrium ( ). The upper left inset
is the linear foundation case, and the lower right inset is the nonlinear
foundation case. The parameters are: K1 = 85 N cm 2, K3 =  850 N
cm 4, x0 = 0.
beam deflects more even with a slight increase in load. In the nonlinear foundation
case, the deflections are higher because of softening of the foundation.
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3.4 E↵ect of Relative Foundation-Beam Sti↵ness, k1
In section 3.2, the relative foundation-beam sti↵ness (k1 = K1/(EI/L4)) was in-
creased by increasing the foundation sti↵ness (K1). A similar e↵ect can be achieved
by increasing the beam length. In this section, the e↵ects of increasing the beam
length L and the foundation sti↵ness (K1) on the deflection and contact behaviour
are shown for in di↵erent loading scenarios.
As the beam length 2L is increased, the relative foundation-beam sti↵ness k1
increases as the fourth power of L. This indicates physically, that the beam is getting
more and more flexible relative to the foundation of constant sti↵ness (K1 = 42500
N m 2 ). Figure 3.7 shows the contact length and midpoint deflection as functions of
beam length. The abscissa can be broadly divided into 3 regions. In region I, as the
beam length increases, the midpoint deflection increases (gets more negative). This
continues until L = 230 mm starting the region II. Until this length, the deflection
shape is first-mode predominant. From L = 230 mm onwards however, the mid-
point deflection decreases and increasing curvature of the deflection shape indicates
participation of higher modes. This phenomenon is illustrated in the inset figures
corresponding to regions I and II. In both the regions, the contact length grows
linearly with slope one. This indicates that the entire beam is in contact with the
foundation. This persists until L = 442 mm. Quickly, as the beam length is increased
further, the contact length begins to shrink. This beam length separating the growing
versus shrinking regions for the contact lengths is called the critical length [47]. In
region III, the contact length and midpoint deflection both decrease. For considerably
longer beams, the contact length reaches the contact length for the infinite beam
case [44, 47]. It should be noted that the results are consistent with [47] and [44]
even though the Galerkin method has been used in the current solution procedure as
opposed to solving the boundary value problems in every region of contact and no-
contact for exact solutions. It is also verified that the contact length is independent
44







































































Figure 3.7. E↵ect of beam length 2L on the contact length LCR1 ( ) and
the mid-point deflection w(0) ( ) for a beam on a unilateral foundation.
Inset figures show the deflection shapes at each of the specific lengths
( u through u), of the three regions marked I, II and III. Critical Length
separates region I and II where full contact occurs from region III, where
beam is only partially interacting with the foundation. The last stage
( ) of the regions I and II are reproduced for reference in insets II
and III, respectively. Note that the abscissae in the inset figures are
nondimensional. The non-zero parameters used are: K1 = 42,500 N m 2,
F0 =  15 N, x0 = 0L.
of the load while the beam deflection is directly proportional to the load when the
foundation is linear.
The e↵ect of foundation sti↵ness was briefly described in Section 3.2 when illus-
trating the e↵ect of the number of modes included in the solution. In this section, the
e↵ect is illustrated with a di↵erent example in a more complicated loading situation.
The static response for the unilateral case is shown in Figure 3.8, with the bilateral
and no-foundation cases for two values of foundation sti↵ness (K1 = 5000 and 50000
































































Figure 3.8. The static response of the beam for a symmetric loading and
two di↵erent foundation sti↵nesses for the no-foundation ( ), bilateral
foundation ( ), and unilateral or tensionless foundation ( ) cases. The
zero load equilibrium position ( ) is also shown. The parameters used
are: F1 = 70 N, x1 =  0.5L, F0 = -100 N, x0 = 0L, F2 = 70 N, x2 =
0.5L, (a) K1 = 5,000 N m 2, (b) K1 = 50,000 N m 2.
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metrically along the length at x1 =  0.5L, x0 = 0L and x2 = 0.5L respectively. Just
as with all the above examples, K3 is set to zero, and so the foundation is linear. In
this case also, following the same routine described in the Section 3.2, it was observed
that 20 modes are enough for the solution to converge with regards to the number of
modes included in the solution. The static response of the beam when K1 = 5,000
N m 2 is shown in Figure 3.8(a). Three cases are considered: (1) when there is
no-foundation, (2) when the foundation reacts both in tension and compression (bi-
lateral), and (3) when the foundation reacts only in tension (unilateral) have been
compared here. Clearly, in the bilateral case, the positive deflections are higher and
the negative deflections are smaller than in the beam with no-foundation case. This
is because of the e↵ect the foundation has on the beam when the foundation is in ten-
sion and compression. In the unilateral case, the beam is more free to move upwards
(because of the loss of contact with the foundation) than when it moves downwards.
Now consider the same beam with identical loading conditions, but on a founda-
tion with 10 times higher sti↵ness (K1 = 50000 N m 2). As shown in Figure 3.8(b),
when there is no-foundation, the negative deflections of the beam are larger than
in the other two cases. However, for the bilateral foundation case, since the beam
has to overcome both tension and compression forces exerted by the foundation, the
deflections are the lowest. In the unilateral case, the positive deflections are higher
than the negative as observed earlier. Note that while midpoint deflection is highest
for the no-foundation case and the least for unilateral foundation case, this trend
is not the same everywhere along the length. For example at x > ±0.6L, the posi-
tive deflection is smallest in the bilateral foundation case and largest in unilateral case.
The midpoint deflection as a function of foundation sti↵ness is plotted in the
Figure 3.9. The behaviour observed here is qualitatively consistent with the results
presented by [51] for a free-free beam. Also, from the slope of both curves it can be
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Figure 3.9. The e↵ect of the linear sti↵nessK1 on the mid-point deflection
of the beam on bilateral ( ) and unilateral ( ) foundations. In inset
figures arrows ( I) indicate how the deflection shapes vary in both cases
with increasing sti↵ness. The non-zero parameters used are: F1 = 70 N,
x1 =  0.5L, F0 = -100 N, x0 = 0L, F2 = 70 N, x2 = 0.5L.
is higher for softer foundations than for sti↵er foundations. The green arrows in the
inset figures show the direction of beam deflection with increasing sti↵ness of the
foundation. As the sti↵ness is increased, in the bilateral case the beam moves towards
the zero load equilibrium position, in contrast, all the beam deflections are moving
upwards (negative deflections are smaller and positive deflections are larger) in the
unilateral case.
3.5 E↵ect of Distributed Loads
The e↵ect of a distributed load Q(x) on the static response is described in this section
using 35 modes in the solution. Note that the term Q(x) in Equation (2.1) can be
used to also define the uniformly distributed weight of the beam. The static response
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and the lift-o↵ behaviour of weightless beam is completely di↵erent from that of a
beam with uniformly distributed weight [44]. In this section the response of a weight-
less beam subjected to two types of distributed loads: antisymmetric sinusoidal and
rectangular loads are shown.
The static response of the beam subjected to rectangular and sinusoidal loads for
one spatial period are shown in Figure 3.10. The deflections in the rectangular load
case (Figure 3.10(a)), are higher than those for the sinusoidal case (Figure 3.10(b)).
Further, due to the anti-symmetric nature of loading in both cases, there is a zero
deflection at x = 0 in the bilateral and no-foundation cases. However, due to the
tensionless character of the foundation, the deflections in the unilateral case are more
positive compared to the other two cases and the symmetry of the solutions in the
other two cases is lost.
For the bilateral foundation case shown in Figure 3.10(a), the first five non-
zero Fourier coe cients of the rectangular load Q(⇠), are: b2 = 40/⇡, b6 = 40/3⇡,
b10 = 40/5⇡, b14 = 40/7⇡ and b18 = 40/9⇡. The first five non-zero modal amplitudes
of the response for this case are: T2 = 1.19538 mm, T6 = 0.01203 mm, T10 = 0.00095
mm, T14 = 0.00018 mm and T18 = 0.00005 mm. The response does not change
much when higher modes are included. Even though the 35 modal amplitudes were
non-zero, most of them were very small compared to T2. For the case shown in
Figure 3.10(b), only a harmonic load with amplitude equal to the non-zero Fourier
coe cient, in the square wave case (b2 = 40/⇡) is applied, and the corresponding
response modal amplitudes for the bilateral case were found to be T2 = 1.19538 mm
and Tj = 0, j 6= 2. This case is di↵erent to the former in that there are many non-zero
response modal amplitudes in the former case, although they are small. Interestingly,
when the amplitude of the sinusoidal load is equal to the first non-zero harmonic
(b2) of the rectangular distributed load, the response to both the loads become very
similar can be seen by comparing results in Figures 3.10(a) and 3.10(b). The con-
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Figure 3.10. The static response of the beam subjected to a distributed
load (shown in the inset) for the no-foundation ( ), bilateral ( ), and
unilateral or tensionless foundation ( ) cases. The zero load equilibrium
( ) is also shown. (a) Q(⇠) = 10 [U(⇠ + 1) + U(⇠   1)  2U(⇠)] N m 1.
(b) Q(⇠) = (40/⇡) sin ⇡(1 + ⇠) N m 1. U(⇠) is the unit step function. K1
(42500 N m 2) is chosen.
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tributions from the higher harmonics of the rectangular load result in only slightly
higher deflections compared to that for the sinusoidal load.
The results for the unilateral case are di↵erent in nature. The modal amplitudes of
the responses are plotted in Figure 3.11 for all three cases when the beam is subjected





















Figure 3.11. Absolute values of the modal amplitudes |Tj| in dB for the
unilateral foundation ( u) case, the no-foundation (⇥) and the bilateral
foundation (4) case. Note that the input force to the system, Q(⇠) =
(40/⇡) sin ⇡(1 + ⇠), excites only the 2nd mode (T2) in the bilateral and
no-foundation cases. This illustrates the nonlinearity of the unilateral
problem. K1 (42500 N m 2) is chosen.
and no-foundation cases, because the input force has a purely sinusoidal distribution,
only the second mode is excited (Tj = 0, j 6= 2). In the unilateral case, all the modes
are excited. The contribution from the first few modes is more significant than from
the higher modes.
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As noted earlier, the same solution algorithm used for all the above examples can
be used for more complicated loading situations involving multiple contact regions as
shown in Figure 3.12. Here the static response of the beam subject to distributed
loads three cycles of variation along the length is illustrated. In contrast to the
previous case in Figure 3.10, the deflections in Figure 3.12 are much lower. In the
no foundation and bilateral cases only T6 contributes to the response where as all
the modes contribute to the unilateral case response. Specifically, the di↵erences in
the deflection between bilateral foundation and no-foundation case of Figure 3.10
become very small for the case shown in Figure 3.12, indicating a negligible e↵ect
of foundation has a very small e↵ect on the response. Note from Equation (2.9)
that the sti↵ness of the mth mode for a pinned-pinned beam with no axial load (p) is
K1mm = m4⇡4/16. The foundation sti↵ness is kept constant for the two cases, but the
modal sti↵ness of the beam has increased from K122 = 24⇡4/16 to K166 = 64⇡4/16,
by a factor of 81. Therefore, the total response in these cases is dominated by the
beam alone, thus the bilateral and no-foundation cases look very similar. In order to
observe a pronounced di↵erence between the bilateral and no-foundation cases, the
sti↵ness of the foundation was increased 81 times the previous value of K1 (42500 N








































































Figure 3.12. The static response of the beam to a distributed load (shown
in the inset) for the no-foundation ( ), bilateral ( ), and (3) unilateral
or tensionless foundation ( ) cases. The zero load equilibrium ( ) is
also shown. (a) Rectangular load: Q(⇠) = 10 [U(⇠ + 1) + U(⇠   1) +
2 {U(⇠ + 1/3) + U(⇠   1/3)   U(⇠ + 2/3)   U(⇠   2/3)   U(⇠)}] N m 1.
(b) Sinusoidal load: Q(⇠) = (40/⇡) sin 3⇡(1 + ⇠) N m 1. U(⇠) is the unit






































Figure 3.13. The static response to the the beam to distributed load
(shown in the inset) for the two cases: (1) no-foundation ( ) and (2)
bilateral foundation ( ) cases. A distributed sinusoidal load, Q(⇠) =
(40/⇡) sin 3⇡(1 + ⇠), N m 1, is applied to the beam on a foundation of
sti↵ness K1 = 3, 442, 500 N m 2, which is 81 times sti↵er than the foun-
dation in Figure 3.12(b).
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3.6 E↵ect of Axial Load
The responses of axially compressed beams or plates resting on elastic foundations
have been studied extensively [73–75]. If the beam or the foundation is nonlinear, the
system undergoes a loss of stability via a supercritical pitchfork bifurcation. In the
post-buckled regime, it has been shown that under certain circumstances the system
may undergo a secondary bifurcation [76]. This second bifurcation destabilizes the
primary buckling mode and the system jumps to a higher mode (this is often called
mode jumping). Some recent work in this area includes study of jumping instabilities
in the post-buckling of a beam on a partial nonlinear foundation [77], and investigates
the buckling loads and eigenfrequencies of a braced beam resting on elastic foundation
[78]. In most of these investigations bilateral foundations are studied and the buckling
or stability behavior are studied in a static context. Except for the studies of Chen and
Wu [79] the deformation of a buckled beam on a unilateral foundation cannot be found
in the literature. Chen and Wu used the following approach in order to predict the
response of the buckled beam constrained by a tensionless foundation. Because of the
nonlinear characteristics of the system, the deformation patterns were guessed and a
deformation map was constructed when the point force is moved quasi-statically from
one end to the other. The stability of each of these possible equilibrium configurations
is then studied. In our current work, the model and the solution method have no
restrictions on the type of loading or the deformation patterns possible, but stability
of solutions is yet to be explored.
The sti↵ness values of the foundation in the examples next are obtained from a 2.53
minute quasi-static compression test data of 76.2 mm polyurethane foam cube [34]. A
linear approximation of the elastic curve at various pre-compression levels is used. For
example, K1 = 42,500 N/m2 corresponds to the sti↵ness value close to zero percent
compression. While the formulation is done for an arbitrary number of modes in the
solution. It was found that in the examples considered a reasonably accurate solution
is obtained with 7 modes. Two loading configurations are illustrated: symmetric,
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when transverse loads are applied at x = 0 m, and antisymmetric, when the trans-
verse loads are applied at x = 0.5L and x =  0.5L. Five modes are considered in the
solution. The latter case on a unilateral foundation will give rise to an asymmetric
static solution [69]. These loads considered are very small compared to those in the
static response examples reported earlier, and merely serve as means to perturb the
equilibrium in a desired way during buckling event.
When the axial compressive force on a beam on elastic foundation reaches a crit-
ical value, the structure experiences a supercritical pitchfork bifurcation. If the force
is further increased, the beam deflects to a stable post-buckling configuration in the
presence of nonlinearities. In the case of a linear system, the solution becomes un-











where m is given integer. The buckling loads of di↵erent modes as a function of beam
length are plotted in Figure 3.14. For the chosen beam length (L), and foundation
and beam sti↵ness values (K1, EI), which mode the beam buckles first, depends on
how the system is perturbed. For the symmetric loading case, the beam buckles
in the third mode in the bilateral foundation case (as indicated by the red markers
in Figure 3.14) and in the first mode when there is no foundation. Because of the
increased sti↵ness of the system due to the foundation, higher buckling loads are
observed for the beam on a bilateral foundation case. The critical loads obtained
from the simulation in Figure 3.15 exactly match the values obtained from Equation
(3.3). The contribution of the modal amplitudes to the total response of the beam
in the bilateral case is are also shown in the figure. As the axial load is increased
from zero in steps of 0.1 N, the beam buckles into a third mode at P = 189.3 N.
The beam continues to deform in this post-buckled state even past the buckling load
corresponding to the first mode (Pcr,1), until a load P = 502 N when the third mode
suddenly becomes zero and the first mode attains a non-zero value. At this load value,
the solution jumps to this non-zero equilibrium position. Note that the stability of
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Figure 3.14. Buckling loads for di↵erent modes of a beam on a linear
bilateral elastic foundation as a function of beam length. The first, third
and the fifth mode buckling loads a beam length L = 0.3 m, are shown
by markers. K1 = 42500 N/m2.
the solution paths is not discussed here and some of these solution paths may not be
physically feasible on a natural loading path.
In Figure 3.16, the e↵ect of the linear foundation sti↵ness on the buckling be-
haviour is illustrated, in the presence of a symmetric perturbation (transverse static
load at the center, (F10, x10) = ( 0.005 N, 0 m)). With softer foundation the beam
buckles in the first mode and with sti↵er foundations, the beam buckles in the third
or higher modes.
The e↵ect of the axial load on the buckling behaviour of the beam on a nonlinear
(K3 = 42500 ⇥ 105 N/m4) bilateral foundation is shown in Figure 3.17. Similar to
the linear foundation case, as the axial load is increased from 0 N in steps of 0.1
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Figure 3.15. The response of a the midpoint of beam subjected to an axial
load. No foundation, K1 = 0 N/m2 ( ); bilateral foundation, K1 =
42500 N/m2 ( ). The superscripts N and B indicate respectively no- or
bilateral- foundation. TB1 ( ) and T
B
3 ( ) are the modal amplitudes
in the bilateral case. Symmetric transverse loading (F10, x10) = ( 0.005
N, 0 m) was applied.
N, it is observed that the beam initially buckles in the third mode at P = 189.3 N.
However, the post-buckled deformation pattern as the axial load increases, is quite
di↵erent from the corresponding linear foundation example. Because of the cubic
nonlinearity and a non-zero transverse load at the center ((F10, x10) = ( 0.005 N,
0 m)), the modes get coupled and result in non-zero antisymmetric modes. Due to
this reason, the post-buckling deformation pattern is symmetric about x = 0 only
until P = 502 N, after which all the modes start to participate and hence the deflec-
tion of the beam is no longer symmetric as indicated by the inset figures in Figure 3.17.
In Figure 3.18 is shown the midpoint response of a beam on a unilateral foun-
dation. A very small symmetrically applied transverse load serves as a perturbation
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Figure 3.16. The e↵ect of linear sti↵ness on the midpoint response of
the beam on a linear bilateral foundation subjected to an axial load with
K1 = 42500 N/m2. A symmetric transverse loading (F10, x10) = ( 0.005
N, 0 m) was applied.
during the buckling event ((F10, x10) = ( 0.005 N, 0 m)). The corresponding bilateral
case is shown in Figure 3.16 (gray curve marked 0.5K1). It is observed that as the
axial load is increased, the beam went past the third mode buckling load without a
problem, but buckled at a load of P = 203 N, corresponding to the buckling load
of the first mode (T1). The deflection quickly increases within a very narrow range
of axial load and the solution jumps to the third mode equilibrium position (T3).
The variations in beam deformation through the process are also shown at di↵erent
points of the curve. Another solution path is obtained by choosing a slightly di↵erent
initial condition (P0,T0), blue curve in Figure 3.18 On this solution path, the beam
buckles in the fifth mode. A stability analysis is required to understand which of
these solutions is physically possible in a natural loading path.
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In the examples considered so far, the small transverse loading ((F10, x10) =
( 0.005 N, 0 m)) that causes a perturbation during the buckling event is chosen
to be symmetric. However, in the example illustrated in Figure 3.19, the transverse
loading is antisymmetric (F10, x10) = ( 0.005 N,  0.075 m), (F20, x20) = (0.005 N,
0.075 m). Note that even though the loading is antisymmetric, the deflection of the
beam on a unilateral foundation is asymmetric, because the foundation reacts in ten-
sion and compression di↵erently, unlike the no-foundation and bilateral cases [69].
This di↵erence in response behaviour is the key to explaining the di↵erences shown in
Figure 3.19. As the axial load is increased, the contact length in the unilateral case
gradually starts to decrease, forcing the beam to buckle in the first mode as shown
in the top inset figure. The post-buckling behaviour is similar to a beam with pinned
beam no foundation. Therefore, the buckling load for unilateral case in this type of
loading situation is the Euler buckling load itself. That is PUcr = Pe = (⇡
2EI) /L2 =
13.65 N. As expected, the beam buckles in the second mode in the bilateral and no
foundation cases.
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w(x) at P = 700 N
w(x) at P = 400 N
Figure 3.17. The midpoint response, w(0) (on the left y-axis, shown as
a red line), of the beam on a nonlinear bilateral foundation and modal
contributions, T1 to T5 (on the right y-axis). K1 = 42500 N/m2, K3 =
42500 ⇥ 105 N/m4. A symmetric transverse loading (F10, x10) = ( 0.005
N, 0 m) was applied.
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Figure 3.18. The midpoint response of the beam on a unilateral founda-
tion. K1 = 21250 N/m2. For the corresponding responses in the bilateral
case, see the gray 0.5K1 curve in Figure 3.16. Two solution paths ( )
and ( ) are obtained from two slightly di↵erent initial conditions.
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Change in deflection shape as buckling
occurs in unilateral case
Change in deflection shape as buckling
















Figure 3.19. The response of the beam on a with a small antisymmetric
transverse loading. K1 = 42500 N/m2, (F10, x10) = ( 0.005 N,  0.075
m), (F20, x20) = (0.005 N, 0.075 m). Unilateral ( ), bilateral ( ) and
no-foundation ( ) cases are shown. Inset figures illustrate the pre- and
post-buckling behaviour in these cases.
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3.7 Summary
The static responses of a beam on a nonlinear unilateral (tensionless) foundation
subjected to concentrated and distributed static loads and axial loads have been
studied. To account for the tensionless character of the foundation, an auxiliary
contact function is introduced and the solution of the model is sought in the form
of a sum of modes of the linear problem. Even for a linear foundation the unilateral
cases are nonlinear and the solution is obtained by using an iterative technique.
The unknown lift-o↵ points, forming a part of the solution scheme, are obtained
by employing the numerically robust bisection method, which is applied in every
iteration. The solution algorithm was modified so that the technique automatically
allows for solutions with multiple contact regions. Further, the complicated integrals
in the solution are solved analytically after using the convolution method to express
the integrand as a sum of harmonic components. This solution approach was found
to be much more computationally e cient than performing a numerical integration
of the expressions without the harmonic expansion. The adaptability of the current
scheme to a variety of loading conditions is demonstrated via examples. The e↵ect
of various system parameters viz., beam length, and linear and nonlinear foundation
sti↵ness, and of di↵erent loads on the static response was presented. It is observed
that as the relative foundation-beam sti↵ness (k1) is increased, there are significant
di↵erences in the contact and no-contact region (lift-o↵) behaviour. lift-o↵ behaviour.
The number of modes required for convergence increases with increasing sti↵ness, k1.
The response of the unilateral case is compared to the bilateral and no-foundation
cases at every stage. It is observed that as the foundation sti↵ness is increased, the
deflections in the bilateral case tend to move towards the zero load equilibrium, while
in the unilateral case they tend to get more positive (beam moves upwards) due to
the increased foundation reaction forces. Now that a method to e ciently compute
the static response beam on unilateral foundation has been developed, the next step
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is to solve the dynamic case. In the next two chapters the solution techniques and
the steady state response of the system to dynamic loads are described.
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4. PREDICTION OF THE STEADY-STATE RESPONSE BY USING
TIME-INTEGRATION
The model described in chapter 2 is very general with respect to the loads acting on
the beam. Responses to static loads was the focus in chapter 3 where as in this chap-
ter the steady-state responses to dynamic loads around a static equilibrium position
by using numerical time-integration is described. Two types of dynamic loading are
considered: harmonic excitation and swept-sine excitation. Both unilateral and bi-
lateral foundation cases have been investigated. Numerical issues and computational
ine ciency of the time integration method when steady state response to harmonic
excitation are highlighted. Through the examples considered, the influence of various
system parameters on the frequency responses are also shown. The stability of the
solutions was investigated by using Poincaré sections [80]. The impact of nonlinear-
ity in the system under various excitations was also investigated by examining the
harmonics present the response to single frequency excitation.
4.1 Solution Methodology
For the dynamic case ( T 6= constant), the specific example considered here is the
same as that considered in the static case with an additional small harmonic load
f2⌧ (⌧) = f2⌧ sin 2⇡⌦⌧ . The numerical forward time-integration is carried out by using
a fourth-order Runge-Kutta method. The contact length at each time step is found
by determining the lift-o↵ points defined by w(⇠L, ⌧) = 0. While initially MATLAB’s
routine fsolve was used to solve for the lift-o↵ points from the transcendental equation,
it was found that in some cases of loading this algorithm did not always converge to
a solution within [ 1, 1]. Therefore, the root-finding method was replaced by a more
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reliable bisection method. The iterations are stopped if the norm of the di↵erence
between two consecutive iterations is less than 10 8.
In addition to the number of modes N included in the solution, the size of the
time-step also a↵ects the dynamic solution. As shown in Figure 4.1(a), for the case
of a bilateral foundation, slightly lower steady-state amplitudes as well as a di↵erent
o↵set are observed when a five-mode approximation is used. It is observed in general
that, as the step size is decreased, the steady-state amplitude decreases. An example
to illustrate the convergence of the Runge-Kutta algorithm with varying step sizes
is presented in Figure 4.1(b) for the bilateral case with a linear foundation, a case
that can be solved analytically. The nondimensional excitation frequency chosen is
⌦ = 4.25, which corresponds to the third-mode resonant frequency when k1 = 500.
The exact solution was obtained by performing a linear modal analysis and this is
also shown in Figure 4.1(b). Depending on the frequency of excitation, the type
of loading, the sti↵ness of the foundation, and the nature of the beam-foundation
interaction (unilateral or bilateral), the step-size  ⌧ needs to be altered. For the
example shown, adequate accuracy (as compared to the exact solution) was obtained
by adopting the time-step  ⌧ = 0.0001. For the examples shown in the subsequent
sections, both linear bilateral or unilateral cases,  ⌧ = 0.0001 is used. However, if
k3 6= 0, the time-step is appropriately chosen based on the frequency of excitation
and nonlinearity, until the di↵erence between the solutions obtained from two di↵erent
time-step sizes is less than 2%. When k3 6= 0, a time step of  ⌧ = 0.00005 was used
around the resonant frequencies. The unilateral case requires smaller step sizes than
the bilateral cases in general; this is in addition to the extra computation required












































































Figure 4.1. Predicted response time history to harmonic excitation of
the beam on a bilateral foundation. (a) The e↵ect of the number of
modes in the solution: 3-mode approximation ( ), 5-mode ( ). (b)
The e↵ect of the time-step: exact solution ( ),  ⌧ = 0.0005 ( )
and  ⌧ = 0.0001 ( ). k1 = 500, k3 = 0, co = 1, cf = 1; (Static load,
position): (f10, ⇠10) = ( 40, 0.5), (f20, ⇠20) = (10, 0.5), p = 0; (Harmonic
load, position): (f2⌧ , ⇠2⌧ ) = ( 5, 0).
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4.2 Response to Harmonic Excitation
In Figure 4.2 are shown the steady-state responses of a beam on linear unilateral and
bilateral foundations. The frequency response behaviour of the mid-point deflection
of the beam on both the types of foundation and the contact length are illustrated
in the figure. For a linear bilateral foundation, when k3 = 0, the non-dimensional










For the value of k1 considered, the lowest three non-dimensional natural frequencies
are, ⌦1 = 3.58, ⌦2 = 3.89 and ⌦3 = 5.02. As seen in Figure 4.2, the resonance
frequencies correspond to the analytically derived first and third natural frequencies.
However, note that there is no peak at ⌦ = ⌦2 = 3.89 because the loading is sym-
metric and the harmonic load is applied at the center at the nodal position of the
second mode.
Another important point to note from Figure 4.2 is that the frequencies at the
peak responses (⌦1 = 2.26, ⌦3 = 4.3) for the unilateral foundation case are lower
than the peak response frequencies when the foundation is bilateral (⌦1 = 3.58,
⌦3 = 5.02). This is expected, because the foundation in the bilateral case reacts both
in tension and compression and therefore the system is e↵ectively sti↵er than when
the foundation is unilateral and can react only in compression. Further, if k1 = 0
in Equation (4.1) the no-foundation case the peaks in the frequency response are at
⌦1 = 0.39, ⌦3 = 3.53, which are lower than those for the unilateral case.
The steady-state response modal amplitudes Ti are shown in Figure 4.3 for i = 1
to 5. As noted before, even for the unilateral case, because of the symmetry of the
problem, and because the harmonic loading is applied at the center, the even modes
T2 and T4 do not participate at any of the frequencies. While the first and the
third modes produce strong contributions to the total response, over this range of
frequencies (1.5 to 6) shown T5 is quite small.
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Figure 4.2. The steady-state response amplitude of the beam on bilateral
and unilateral foundations. Mid-point deflection, wss(0) (N) and contact
length ( u) on a unilateral foundation; mid-point deflection, wss(0) (N) on
a bilateral foundation. Inset figures show the time response of the contact
length at frequencies of peak response of the unilateral case. k1 = 500,
k3 = 0, co = 4, cf = 2; static loads (load, position): (f10, ⇠10) = (30, 0.5),
(f20, ⇠20) = ( 100, 0), (f30, ⇠30) = (30, 0), axial force p = 0; harmonic load
(load, position): (f2⌧ , ⇠2⌧ ) = ( 22, 0).
Even for a linear unilateral foundation, the response is nonlinear because of the
changing contact region. To support this claim, the amplitude of the Discrete Fourier
Transform of the time response around the peak frequencies is shown in Figure 4.4.
The corresponding time responses are shown in the insets in Figure 4.4(a) and Figure
4.4(b). In addition to the pronounced di↵erences in the time-response behavior of
the lift-o↵ points, observe that, even though the system is excited by a harmonic load
consisting of a single frequency, the response has more than one frequency component
illustrating the nonlinear nature of the problem. Because of the static loads applied,
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Figure 4.3. The steady-state the modal amplitudes, T1 ( u), T2 (4), T3
( u), T4 (+), and T5 ( u), for the unilateral case shown in Figure 4.2.
a nonzero average value appears at zero frequency, and there are contributions from
the higher harmonics as well.
Next, in order to study the stability of the solutions, Poincaré sections of the
lift-o↵ point responses at two frequencies are shown in Figure 4.5. Around both the
peaks in the frequency responses, as shown in Figure 4.5(a) and 4.5(b), the steady-
state is reached and the solution converges to a single periodic solution (indicated by
the light blue circle on the Poincaré section). The number of cycles n required to get
to steady state is higher at ⌦ = 4.25.
In Figure 4.6 the e↵ect of damping on the steady-state response of the beam on
a unilateral foundation is shown. As the damping in the foundation cf is decreased,
as expected, the peak response increases. It was observed that the beam damping
coe cient co, has qualitatively the same e↵ect as cf on the steady-state response.
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Figure 4.4. The amplitude spectrum obtained from a scaled Discrete
Fourier transform of the 15 periods of the time response at the reso-
nance frequencies. (a) ⌦ = 2.25, and (b) ⌦ = 4.25; k1 = 500, k3 = 0,
co = 4, cf = 2; static loads (load, position): (f10, ⇠10) = (30, 0.5),
(f20, ⇠20) = ( 100, 0), (f30, ⇠30) = (30, 0), p = 0; harmonic load (load,








































































Figure 4.5. Poincaré section of the lift-o↵ point response at the resonance
frequency, ⌦ = 2.25; k1 = 500, k3 = 0, co = 4, cf = 2, (f10, ⇠10) =
(30, 0.5); static loads (load, position): (f20, ⇠20) = ( 100, 0), (f30, ⇠30) =
(30, 0), p = 0; harmonic load (load, position): (f2⌧ , ⇠2⌧ ) = ( 22, 0). Inset
figures show a zoomed-in view. Numbers next to the data points in both
the figures represent the number of cycles n.
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Figure 4.6. The e↵ect of damping on the steady-state response of a
beam on unilateral foundation. For the case when co = 4, cf = 2: mid-
point deflection, wss(0) (N) and lift-o↵ point co-ordinate ( u); co = 2,
cf = 1.5: mid-point deflection, wss(0) (N) and lift-o↵ point co-ordinate
( u). k1 = 500, k3 = 0, (f10, ⇠10) = (30, 0.5); static loads (load, position):
(f20, ⇠20) = ( 100, 0), (f30, ⇠30) = (30, 0), p = 0; harmonic load (load,
position) : (f2⌧ , ⇠2⌧ ) = ( 22, 0).
The e↵ect of nonlinearity in the foundation on the steady-state response behav-
ior of the mid-point deflection and the lift-o↵ point is shown in Figure 4.7. When
compared with a linear foundation case, the resonant frequencies in the nonlinear
foundation case shifted to the right showing a hardening behavior that results from
the positive cubic sti↵ness coe cient k3. While the mid-point deflection around both
the peaks showed a decrease in amplitude with increase in nonlinearity, the lift-o↵
point behavior is interestingly di↵erent around the two resonant frequencies. At the
first peak in the frequency response which corresponds to the first mode, the steady-
state amplitude of the lift-o↵ point decreased with increased nonlinearity. However,
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Figure 4.7. E↵ect of non-linearity on the steady-state response of a beam
on unilateral foundation. k3 = 0: mid-point deflection, wss(0) (N) and
lift-o↵ point co-ordinate ( u); k3 = 1000: mid-point deflection, wss(0) (N)
and lift-o↵ point co-ordinate ( u). k1 = 500, co = 4, cf = 2; static loads
(load, position): (f10, ⇠10) = (30, 0.5), (f20, ⇠20) = ( 100, 0), (f30, ⇠30) =
(30, 0), p = 0; harmonic load (load, position) : (f2⌧ , ⇠2⌧ ) = ( 22, 0).
at the second resonance frequency, which corresponds to the third mode, the steady-
state amplitude of the lift-o↵ point increased with increasing nonlinearity.
In Figure 4.8 is shown the steady-state amplitude of the point at three quarters
the length of the beam (w = +0.5) for the bilateral case when subject to asymmetric
loads. When k3 = 0, the undamped natural frequencies of the lowest three modes
from Equation (4.1) are: ⌦1 = 1.64, ⌦1 = 2.24 and ⌦3 = 3.87. These are close to the
locations of the peak amplitudes in the numerical simulation. Note that the second
mode does not participate in the linear problem because the harmonic load is applied
at the center, a point which corresponds to the node of the second mode of the system
in this case. However, in the nonlinear case (k3 6= 0) because of coupling between
the modes, a resonant peak (⌦2 = 2.23) close to the natural frequency of the second
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Figure 4.8. Amplitude of the steady-state response amplitude, wss( 0.5),
of beam on a bilateral foundation for the linear sti↵ness case, k1 = 100,
k3 = 0, (N) and nonlinear sti↵ness case, k1 = 100, k3 = 1500, (N);
co = 1, cf = 1; static loads (load, position): (f10, ⇠10) = ( 40, 0.5),
(f2⌧ , ⇠2⌧ ) = ( 25, 0), (f30, ⇠30) = (10, 0.5), p = 0.
mode is also observed. Due to the high positive nonlinearity considered, the frequency
response shows a hardening behavior. The frequencies ⌦ = 2.20 and ⌦ = 3.15 are,
approximately, one-third of the resonance frequencies of the fourth (⌦4 = 6.50) and
fifth (⌦5 = 9.95) linear modes, respectively.
The last example shown in Figure 4.9 illustrates the steady-state response behav-
ior of the beam on a unilateral linear foundation with asymmetric loading. Though
in the present case k3 = 0, the problem is still nonlinear because of unknown lift-
o↵ points. The resonant frequencies for the unilateral case, as seen before under
symmetric loading conditions, are lower than the corresponding frequencies for the
otherwise identical bilateral case and higher than the no-foundation case. For the
linear sti↵ness k1 = 500 considered, the first three resonances peaks should occur
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close to non-dimensional frequencies 3.58, 3.89 and 5.01, respectively, for the lowest
three modes if the foundation is bilateral and at frequencies 0.39, 1.57, 3.53 when
there is no foundation. Due to the inherent asymmetry in the unilateral case, though
the foundation is linear and the harmonic load is applied at the center, a peak cor-
responding to the second mode’s natural frequency is also observed, in addition to
the peaks close to the first and the third linear pinned-pinned beam modes. This
behavior is qualitatively very di↵erent from the bilateral case. The variation in lift-
o↵ point dynamics with excitation frequency is also shown in the figure. Examples
of the steady-state response of the system to excitations with frequencies below 1.0
are shown in the inset in this figure 4.9(a). Even though k3 is zero, the nonlinear
behavior of the system is clearly demonstrated in these steady-state time histories.
In Figure 4.9(a), there were problems with convergence of the solution at frequencies
from ⌦ = 0.9 to ⌦ = 1.36. If the forcing amplitude was decreased, or if the damping
was increased, the solution converged and reached steady-state. An example steady-
state response of the beam, with identical loading and foundation sti↵ness, but higher
damping is shown in Figure 4.9(b). In both the examples the contribution from the
third mode at ⌦ = 4.25 is low.
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Figure 4.9. Amplitude of the steady-state response of the beam on a uni-
lateral linear foundation and subject to asymmetric loading. (a) Lower
damping: co = 1, cf = 1 and (b) higher damping: co = 2, cf = 3. Deflec-
tion, wss(+0.5) (N) and lift-o↵ point location ( u); Inset in Figure 4.9(a)
shows the time response at three frequencies demonstrating the nonlinear
nature of the response even for a linear foundation case. k1 = 500, k3 = 0;
static loads (load, position) (f10, ⇠10) = ( 40, 0.5), (f30, ⇠30) = (10, 0.5),
p = 0; harmonic load (load,position) : (f2⌧ , ⇠2⌧ ) = ( 5, 0).
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4.3 Response to Swept-Sine Excitation
A linear swept cosine signal whose frequency varies with time was used as the forcing
function: f(⌧) = f2⌧ cos(a⌧ + b⌧ 2), where the initial frequency is ⌦0 = a, the final
frequency is ⌦f = a + 2b⌧d and ⌧d is the duration of the sweep. For very low sweep
rates, if there are no jumps in the frequency response of the system, the envelope
of the time response to swept cosine excitation provides information on the resonant
frequencies of the system. The location of the peak response is displaced in the
direction of the sweep and is a function of the sweep rate. The symmetric loading
example described at the beginning of Section 4.2 (see Figure 4.2) is revisited here,
but with a swept cosine excitation at the center of the beam. At low sweep rates,
the qualitative information from blue triangles the frequencies from Figure 4.2 is
observed to match the information from the time response obtained due to swept-
cosine excitation. The response to the swept cosine with a = 0 and b = 0.1 is
shown in Figure 4.10. The mid point deflection as a function of time is shown for
both the bilateral and unilateral cases in Figs. 4.10(a) and 4.10(b), respectively. In
the insets are shown the zoomed-in views of the time responses close to where the
response amplitude is maximum near the natural frequencies of the system under
consideration. By calculating the period of the time responses, one can immediately
see that the peak response frequencies are aligning with those observed in Figure 4.2
for both unilateral and bilateral cases. Also, for the bilateral case the amplitude at the
peak response near ⌦1 is higher than that the peak near ⌦3. For the unilateral case
however, the amplitude at ⌦3 is higher than the amplitude at ⌦1. This behavior is
seen because in the bilateral case, the foundation reacts in both directions and hence
it is harder for the beam to bend in the third mode than in the first mode. But in the
unilateral case, the foundation o↵ers reaction only in one direction, and in addition
the loads applied are such that the contribution from the third mode will be higher.
Since five modes are used in the solution, another peak response corresponding to ⌦5
can also be observed in Figure 4.10. Therefore, studying the response to a very slow
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Figure 4.10. The response at the midpoint of the beam subject to
a swept-sine excitation: (a) bilateral foundation, (b) unilateral founda-
tion. The frequencies are swept linearly between ⌦ = 0 to ⌦ = 20
in time ⌧d = 100; parameters: k1 = 500, k3 = 0, co = 4, cf = 1.5;
static loads (load, position): (f10, ⇠10) = (30, 0.5), (f20, ⇠20) = ( 100, 0),
(f30, ⇠30) = (30, 0), p = 0. The amplitude of the swept-sine signal (load,
position): (f2⌧ , ⇠2⌧ ) = ( 22, 0). Inset figures show a detailed view of the
time response around the resonance frequencies.
swept cosine excitation gives almost the same response amplitude information as when
studying the steady state response to harmonic excitation at individual frequencies,
but with much less computational e↵ort and time.
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4.4 Summary
In this chapter, the dynamic response of a pinned-pinned beam on unilateral and
bilateral, linear and nonlinear viscoelastic foundations is described. The solution is
obtained by using numerical time-integration. The method described in this chapter
is valid for even complicated loading scenarios and can also track transient behavior.
However, as forcing and nonlinearity become higher and damping lower, a higher
number of modes and finer time-steps are needed in the solution process to reach the
desired accuracy. As the number of modes increases, determining the results of inte-
gration in the intermediate steps of the solution procedure becomes computationally
expensive. An alternative method should be sought to define the contact function
dynamically as the estimates of the modal amplitudes converge to the final solution.
Also, if only the steady-state response is of interest, direct time integration of the
modal amplitude equations is highly ine cient because of the computational e↵ort
required to reach steady-state, especially with a large number of modes included in
the solution and particularly when damping is low and the system takes a long time
to reach steady-state. A method such as the harmonic balance technique, with a
capability of handling arbitrary number of modes and multiple contact regions would
be an alternative approach for determining the steady state responses; this is the
focus of the next chapter.
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5. PREDICTION OF STEADY-STATE RESPONSE USING INCREMENTAL
HARMONIC BALANCE METHOD
The response of a beam on nonlinear viscoelastic unilateral foundation was examined
by direct time integration in the previous chapter and the numerical challenges were
discussed. Here, incremental harmonic balance method is used to determine the
steady-state response of the beam on a nonlinear foundation. Since the loading is
harmonic, the steady-state solutions of the modal amplitudes governed by Equations
(2.8) are expected to be periodic. Therefore, the solutions can be expressed in a
Fourier series. This is the basis for the harmonic balance method. The incremental
harmonic balance method, which is a generalization of the harmonic balance method
developed in the literature to address the issue of solving nonlinear simultaneous
equations in Fourier mode amplitudes, is adopted in this thesis and it can address
the problems inherent in the direct time integration method.
5.1 Incremental Harmonic Balance Method
The response of a beam on a nonlinear viscoelastic unilateral foundation was exam-
ined by direct time integration and the numerical challenges were described in the
previous chapter and were also documented in [81, 82]. In contrast, here, the incre-
mental harmonic balance method is used to determine the steady-state response of
the system. The method was also adopted to address the problems inherent in direct
time integration: time to achieve steady-state, the computational power required,
and the inability to track unstable, and even some of the stable solutions.
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In this method, first, the time variable is rescaled based on the frequency of
harmonic excitation. Thus, if f⌧ (⌧) = f⌧ sin!⌧⌧ , then by substituting ⌧̃ = !⌧⌧ ,
Equation (2.8) can be rewritten as:
 (T,T0,T00,!⌧ , ⌧̃) ⌘ !2⌧ MT00 + !⌧ CT0 + [K1 +K3(T)] T  F = 0. (5.1)
Here, a prime indicates di↵erentiation with respect to the rescaled time ⌧̃ . The sub-
script ⌧ in !⌧ will be dropped in the subsequent discussion for the sake of convenience.
While expressions for the elements of C, K1, and K3 still remain unchanged because
of the change of time-variable, the elements of F can be rewritten as,
Fj = f⌧ sin ⌧̃ ⌅j(0) + f1 ⌅j( 0.5) + f2 ⌅j(+0.5) (5.2)




Let T0 and !0 denote an initial guess state of vibration. So, T0 is the guess for a
steady state modal amplitudes at a given excitation frequency !0. A neighbouring
state of motion can be expressed as,
Ti = Ti0 + Ti, !0 = !0 + !0. (5.3)
Substituting Equation (5.3) into Equation (5.1), using a Taylor series expansion for
small changes  Ti for small changes  !0 in the excitation frequency, and neglecting
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The incremental equations can be derived from Equations (5.4) - (5.9) as,
!20M  T
00 + !0C  T





0)  ! = R ,
where R =   0 is called the residual term. If (T0, !0) is an exact solution, then
R = 0. Hence the residual term is used to control the accuracy of the solution.
Next, in order to obtain the periodic solutions of the original equation of motion
(see Equation (2.8)), T0 and  T0 are expanded as a finite Fourier series of H terms.
That is,
Ti0(⌧̃) = ai0 +
HX
k=1
aik cos k⌧̃ +
HX
k=1
bik sin k⌧̃ = BAi, (5.11)
 Ti0(⌧̃) =  ai0 +
HX
k=1
 aik cos k⌧̃ +
HX
k=1














 ai0  ai1 · · ·  ai1  bi1 · · ·  biH
iT
. (5.12)
In a more compact notation, T0 and  T0 can be written in terms of the Fourier
coe cient vector as,
T0 = SA, and  T0 = S A, (5.13)
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where,
S = diag(B,B, · · · ,B), (5.14)
A =
h





 A1  A2  A3 · · ·  AN
iT
.
Note that, S is an N⇥N(2H+1) matrix and  A, A are vectors of size N(2H+1)⇥1.
Galerkin procedure is used to minimize the equation error given by the incremental
terms in Equation (5.4). Substituting Equation (5.13) in Equation (5.10) and taking
the inner product with S, the following system of N(2H + 1) incremental harmonic
balance equations are obtained:








00 + !0C S

















0 + [K1(T0) +K3(T0)]S
 ⇤
d⌧̃A.
If the solution only at a particular frequency is of interest, note that  ! = 0 in
Equation (5.15). To begin the solution process, an initial guess of the coe cients
in A is entered into Equation (5.15), and the solution for  A is found. For faster
convergence, the static solution (in the case of the low frequency excitations) or the
steady-state solution at a close frequency can be used. Since Equation (5.15) is a
system of linear equations, if the matrix U is well-conditioned, the values for  A
can be obtained by multiplying both sides of the equation by U 1. Alternatively, the
Newton-Raphson technique can be employed to solve the system of linear equations.
The solution  A is then added to the current estimate of A to obtain the new
estimate; that is,
Ak+1 = Ak + A. (5.17)
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This procedure is continued until the value of the norm of R is su ciently small
(taken to be in the order of 10 6). In order to generate the frequency response of
the system, the value of ! is incremented and the solution for A at the previous
frequency is used as the initial guess for finding the solution at the current frequency.
For smaller steps in frequency, a faster convergence can be expected.
5.2 Pseudo Arc-Length Continuation
The incremental harmonic balance equations (see Equation(5.15)) derived in this
section can be used as a predictor when an accurate equilibrium path is known or
a corrector when an approximate equilibrium path is known. The solution paths
obtained by setting  ! = 0 in Equation (5.15) were incomplete because the solution
did not converge after a certain frequency unless an appropriate initial condition is
supplied. When the nonlinearities are too strong, the response curve may need to
be obtained by going forward and backward in frequency. Since the convergence at
and near the peaks is an issue, it is uncertain that if all the stable and unstable
solutions have been found. Therefore, the incremental harmonic balance is often
augmented with a continuation approach. Pseudo arc-length continuation method is
adapted in our work to be able to track possible solutions including possible branches.
Introducing the arc-length parameter ⌘, the augmenting equation is,
g(x)  ⌘ = 0 (5.18)
where x = [A,!]T . In this research, a method proposed in [56], a quadratic form of
the Pseudo arc-length is used. Thus,
g(x)  ⌘ = x0T (x  xk 1)  ⌘ = 0, (5.19)
is chosen as the augmenting equation. The slope is then, @g/@x = x0. Clearly, if two
previous points xk 1, xk 2 on the equilibrium path are known, as shown in Figure






and the first prediction of the next point can be obtained as,
xu = xk 1 + ⌘ x
0. (5.21)
Figure 5.1. Illustration of the pseudo arc-length continuation method on
the equilibrium path.
This approximate step along the solution branch is then corrected iteratively until
the exact solution on the equilibrium path is obtained using Newton-Raphson method.
Therefore, the corrector step includes solving Equation (5.15), simultaneously with

























xu+1 = xu + xu (5.23)
where,  xu = [ A  !]
T is the solution of Equation (5.22).
Before calculating the next point, x0 is updated and ⌘ is set to zero. The arc
increment  ⌘ is regarded as an arbitrary step length. Using this method, both the
solutions on the stable and unstable branches can be obtained. However, stability
of steady-state solutions are not studied in this thesis. The periodic response of
the beam for both the cases (unilateral and bilateral) foundations can be obtained
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using the same procedure. Note that for either of these cases, it may be necessary
to choose the initial frequency step size and the tolerances based on the degree and
level of nonlinearity in the model, which in turn is a function the system parameters.
These tolerances and step sizes are seen to be much more crucial for convergence in
the unilateral case because the contact function needs to be reasonable accurate for
the solution at the next point to converge using the solution obtained at the current
frequency step. To get a good estimate for the solution, for loading cases with one
or two transverse loads on the beam and sti↵nesses K1  200,000 N m 2 and K3 as
high as 105K1, it was observed that the tolerances of the order of 10 9 or more are
required for the bilateral cases. Then the complete solution curve from the lowest
frequency to the highest frequency of interest could be obtained without any break in
the simulation because of convergence issues. For the unilateral case, this tolerance
value should be at least two orders of magnitude lower to achieve convergence at
all frequencies. Even with such sti↵ tolerances, the computation time required to
generate the frequency response using this method is about 300 times faster compared
to the time required in the direct time-integration case.
5.3 Results and Discussion
In the subsequent examples, the case of a 300 mm ⇥ 25.4 mm ⇥ 1 mm pinned-pinned
aluminium (E = 70 GPa) beam on a bilateral foundation and no axial load (p =
0), is considered. The modelling and solution procedure presented in the previous
sections is not limited to these examples but is more general and widely applicable.
The sti↵ness value of the foundation in the examples is obtained from 2.53 minute
quasi-static compression test data for a 76.2 mm polyurethane foam cube [34]. A
linear approximation of the elastic curve at various pre-compression levels is used.
For example, K1 = 42,500 N m 2 (or k1 = 145.21 in terms of the nondimensional
linear sti↵ness) corresponds to the sti↵ness value at zero percent compression. In the
incremental harmonic balance solution N = 5 and H = 3. However, the formulation
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is done for an arbitrary number of modes and harmonic terms in the solution. For
initial examples, beam stretching is neglected assuming one end of the beam is on a
roller support.
In Figure 5.2, the e↵ect of nonlinear foundation parameters on the steady-state
response of the midpoint of the beam on bilateral foundation is illustrated. A har-
monic load of f10+f1⌧ sin!⌧ is applied at the center of the beam. For the linear case,
when k3 = 0, and without a static load (f10 = 0), the resonant frequencies can be
derived as !n =
p
(n⇡/2)4 + k1. Since k1 = 145.21 in the examples considered, the
first three resonant frequencies are at !1 = 12.30, !2 = 15.57 and !3 = 25.27. From
Figure 5.2, for the linear case (shown as black curve), one can see that the peaks in
the steady-state response occur very close to the resonant frequencies of the first and
third modes. However, note that the second mode resonant frequency is not visible
because both the static and harmonic load are applied at the center of the beam,
which corresponds to the node of the second linear mode for a bilateral foundation
case.
For the nonlinear case when k3 6= 0, as shown by the blue and red curves, the
response shows a hardening behaviour as a result of a strong positive cubic non-
linearity in the foundation. Further, the peak response amplitude decreases as the
nonlinearity is increased, as is expected. The solution obtained from direct time in-
tegration is superposed on the solution obtained from incremental harmonic balance
method in Figure 5.2. While the solution obtained from both the methods are in close
agreement for most part around the peak frequencies, the time integration method
could not predict some of the stable solutions that the incremental harmonic balance
method could predict closer to the turning points. With the incorporation of the
arc-length continuation technique, even the unstable solutions are tracked.
The harmonic components of response of the midpoint are illustrated in Figures
5.3(a) and 5.3(b) for the cases when k3 = 32, 673 and k3 = 326, 730 respectively.
In Figure 5.3(a), the second harmonic component has a peak at ! = 13.05. As
the nonlinearity increases, (see Figure 5.3(b)), the second harmonic component has
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Figure 5.2. The e↵ect of nonlinearity on the steady-state response of
mid point of a beam on bilateral foundation. Parameters: k1 = 145.21,
(f10, ⇠10) = ( 0.228, 0), (f1⌧ , ⇠1⌧ ) = ( 0.228, 0), c0 = 0.0864, cf = 0.1729.
Incremental harmonic balance method: k3 = 0 ( ), k3 = 32, 673 ( ),
k3 = 326, 730 ( ). Direct time-integration: k3 = 0 ( u), k3 = 32, 673 ( u),
k3 = 326, 730 ( u). Figures in the insets show the superharmonic behaviour
at ! ⇡ !1/2 and ! ⇡ !3/2 when k3 = 326, 730.
another peak at ! = 6.22 in addition to a higher contribution at ! = 13.05. This
phenomenon is also observed in the total response of the midpoint as shown in the
inset of Figure 5.2. These two values of frequencies are the superharmonics and
correspond approximately to half the resonant frequencies of the first (!1 = 12.30) and
the third (!3 = 25.27) modes. For systems with cubic nonlinearity, the superharmonic
resonances are expected to occur at frequencies, !1/3, !2/3, !3/3 and alike [83].
However, this system with a cubic nonlinearity, showed superharmonic resonances at
!1/2 and !3/2 in the response. This is because the beam is harmonically excited
around a non-zero static equilibrium. Therefore, this system essentially has both
quadratic and cubic nonlinearities.
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Figure 5.3. Harmonic response amplitudes at the midpoint of a beam on
a bilateral foundation. Parameters: k1 = 145.21, (f10, ⇠10) = ( 0.228, 0),
(f1⌧ , ⇠1⌧ ) = ( 0.228, 0), c0 = 0.0864, cf = 0.1729. (a) k3 = 32, 673 and
(b) k3 = 326, 730. First harmonic ( ), second harmonic ( ), third
harmonic ( ). Inset figures are zoomed in portions around the resonance
!1 and !3.
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Furthermore, the multi-valuedness of the response curves due to the nonlinear-
ity has a significance from a physical point of view because it leads to the jump
phenomenon. When two stable steady-state solutions co-exist at a given excitation
frequency or parameter, the initial conditions determine which of these represents the
actual response of the system observed in simulations. The inset figures in Figure 5.3
zoom-in on the amplitude response showing the second and third harmonic response
components in a better detail. The curves are a result of the superharmonic and
harmonic contributions from all the fundamental and higher modes. These examples
also demonstrate the robustness of the pseudo-arc length continuation technique in
tracking all solutions even among extremely convoluted solution paths. Note that
the second harmonic is an order of magnitude and the third harmonic three orders
of magnitude smaller in magnitude than the first harmonic. The computational ef-
ficiency of this method helps researchers/designers analyzing structures interacting
with viscoelastic materials choose how many number of modes or number of har-
monics must be included in the model to get a reasonably accurate solution without
compromising too much on the computation time.
In Figure 5.4, the influence of damping coe cients co and cf on the response
curves is shown. Just as, depending on the value of k3 some frequency curves are
multivalued while others are single valued, for higher damping coe cients, shown in
Figure 5.4, the response curves can be single valued. The solutions obtained from both
the incremental harmonic balance and the time integration method are once again
verified to be in a good agreement with each other. Since the response curve is single
valued for each frequency in the case o↵ higher damping, solutions from both the
incremental harmonic balance and the direct time-integration methods are in a very
close agreement even at the peak frequencies. In all these examples considered, the
frequency response of the beam is obtained by calculating the steady-state response
amplitudes at the midpoint. Because the solution to Equation (5.22) is the vector of
Fourier amplitudes of the temporal parts (Ti) of beam mode functions, the deflection
of the beam anywhere along the length of the beam can be calculated. The steady-
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Figure 5.4. The e↵ect of damping on the steady-state response of the
beam on a nonlinear bilateral foundation with a harmonic load applied at
the center. The k1 = 145.21, k3 = 32673, (f10, ⇠10) = ( 0.228, 0), (f1⌧ , ⇠1⌧ )
= ( 0.228, 0). The two cases of damping shown are: using IHB with c0
= 0.0864 and cf = 0.1729 ( ) and c0 = 0.4322, cf = 0.8645 ( ). The
steady-state solutions obtained from direct time integration are shown as
circles ( e).
state amplitude responses of some of the points on the beam are shown in Figure 5.5.
The deflection shape of the beam under this loading condition can also be visualized
as a function of the frequency of excitation.
In Figure 5.6 is shown the steady-state response of the beam when subjected to
an asymmetric loading. Static loads are applied at x1 =  0.5 and x2 = 0.5 and the
harmonic load at x2 = 0.5. Even though the locations where loads are applied are
symmetric, the loads applied are di↵erent both in magnitude and direction at the
two locations. Therefore, unlike the previous examples considered, in this example,
three peak-response frequencies are observed. Like the previous example, only the
first harmonic component is predominant in the total response. The amplitudes are
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Figure 5.5. Variation of the steady-state response along the length of
the beam on a nonlinear bilateral foundation when subjected to a har-
monic load at the center. The nonzero parameters are: k1 = 145.21, k3 =
32673, c0 = 0.0864, cf = 0.1729, f10 =  0.228, f1⌧ =  0.228. Top view
compressed in the nondimensional position direction is shown above for
clarity.
highest around !2 = 15.57 because the loading is slightly antisymmetric and the
harmonic load is applied at the antinode of the second linear pinned-pinned mode
of the beam. The steady-state amplitude responses of some of the points on the
beam are shown in Figure 5.7. The deflection shape of the beam under this loading
condition can be visualized as a function of the frequency of excitation. It is not just at
w = 0.5, but at all points on the beam, that the maximum deflection occurs closer to
!2 = 15.57. From these examples one can notice the flexibility of the current solution
method with respect to having the ability to incorporate an arbitrary deformation
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Figure 5.6. The steady-state response of the beam on a bilateral foun-
dation when subjected to asymmetric loads: (f10, x10) = ( 0.228, 0.5),
(f20, x20) = (0.114, 0.5), (f1⌧ , x1⌧ ) = ( 0.228, 0.5). c0 = 0.0864, cf =
0.1729, k1 = 145.21, k3 = 32673 ( ), k3 = 0 ( ).
shape and an arbitrary number of modes or harmonics in the model and understand
the dynamics of the beam interacting with viscoelastic foundation, in appreciably
short computation time.
In the example shown in Figure 5.8, it is assumed that both the pinned ends of the
beam are fixed to immovable supports. In this case, the hardening-type nonlinearity
arises due to the geometric stretching of the beam. It introduces a cubic, Du ng type
nonlinearity with a positive coe cient. In addition, the unilateral contact between the
beam and the foundation also contributes to the nonlinearity as the contact regions
are not known a priori, and are a function of changing modal amplitudes. The
bilateral foundation reacts both in tension and compression where as a unilateral
foundation reacts only in compression. In other words, the unilateral foundation is
less sti↵er compared to the bilateral foundation (see Figure 1 in [69]). Even though
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Figure 5.7. Variation of the steady-state response along the length of
the beam on a nonlinear bilateral foundation and when subjected to a
harmonic load at the center. (f10, x10) = ( 0.228, 0.5), (f20, x20) =
(0.114, 0.5), (f1⌧ , x1⌧ ) = ( 0.228, 0.5), c0 = 0.0864, cf = 0.1729, k1 =
145.21, k3 = 32673. Top view compressed in the nondimensional position
direction is shown above for clarity.
the foundation is linear, the response of a unilateral foundation is nonlinear as can
be seen compared to the corresponding linear bilateral case [82]. But in this example
the nonlinear hardening is predominantly due to the beam stretching. Also note the
change in natural frequencies in the three cases. As expected, the bilateral system
has the highest peak frequency and no-foundation case the least.
For the steady-state responses shown in Figure 5.9, the foundation is half as sti↵
as the previous example and there is a static load applied at the midpoint in addition
to the harmonic load. Because the harmonic load is applied about a non-zero static
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Figure 5.8. The steady-state response of a beam for a symmetric load
applied at the midpoint for the three cases: bilateral ( ), unilateral
( ), no foundation ( ); erepresents the responses obtained from direct
time-integration. Load: (f1⌧ , x1⌧ ) = ( 0.228, 0), c0 = 0.864, k1 = 145.21.
Hardening type response shown is due to stretching of the beam.
deflection, there is a quadratic nonlinearity in addition to the cubic nonlinearity.
As shown in Appendix A, the static deflection not only modifies the coe cient of
the cubic and quadratic nonlinearities, but also modifies the linear sti↵ness term,
changing the frequencies at which the peak responses occur. One can observe all
these di↵erences comparing Figures 5.8 and 5.9. Even though the sti↵ness of the
beam did not change, the peak frequency for the no-foundation case increased for
the example shown in Figure 5.9 due to the presence of static load. Also, comparing
the unilateral and bilateral cases in Figure 5.9, the response is identical in both the
cases for low amplitude oscillations. For high amplitude oscillations however, in the
bilateral case, the beam is always in contact with the foundation throughout the
cycle. In the unilateral case, the beam starts to lift-o↵ completely for a part of the
cycle of oscillation. Since there is no reaction force to pull the beam back when its
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moving away from the foundation, the deflections above the foundation become much
higher than those digging into the foundation. In general, intuitively one can think
of the bilateral case being the sti↵est, and the no-foundation case being the least sti↵
case of the three cases. The unilateral foundation is the intermediate between the
other two cases. This is verified by the expected peak response behavior in the three
cases, as seen in the previous example as well (see Figure 5.8). In all the examples






















Figure 5.9. The steady-state response of a beam for a symmetric load ap-
plied at the midpoint for the three cases: bilateral ( ), unilateral ( ),
no foundation ( ); e represents response obtained from direct time-
integration. Loads: (f10, x10) = ( 0.6840, 0), (f1⌧ , x1⌧ ) = ( 0.228, 0), pa-
rameters c0 = 0.864, k1 = 72.605. Both the softening- and hardening-type
responses shown are due to the presence of quadratic and cubic nonilear-
ities.
considered, time integration results at a few select frequencies are superposed on the
response obtained from incremental harmonic balance method. At a single frequency,
for the symmetric and asymmetric loading scenarios considered so far, in Table 5.1
is shown the computation time required to achieve the steady-state amplitude. The
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maximum CPU time is observed near the peak responses. It is observed that the
incremental harmonic balance method takes approximately 300 times less time for a
bilateral case and around 600 times less time for a unilateral case, compared to an
identical simulation performed using numerical time integration. This is a significant
reduction in time! This sets the stage to study the response of a beam on a unilateral
foundation with a bit more flexibility than in the past.
Table 5.1.
Comparison of computation times when using Incremental Harmonic Bal-
ance (IHB) and when using time integration techniques. Results are for
the response at a single frequency.
CPU time 1 (s)
Loading
IHB Integration












al 0.8569 512.6 598.2
0.9860 549.8 557.6
5.4 Summary
The numerical time-integration technique employed in the previous chapter to com-
pute the steady-state frequency response curves is very ine cient. Therefore, in-
cremental harmonic balance method is used, simultaneously with the convolution
1Intel Core i3 processor(3.30 Ghz) & 4GB RAM with Microsoft Windows Operating system and
MATLAB being the only application running.
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method proposed in chapter 3, to make the frequency response predictions more e -
cient. The two techniques developed will particularly be useful to study the dynamics
of the beam on a unilateral foundation. The formulation developed can incorporate
an arbitrary number of modes and arbitrary number of harmonics. Therefore, it is
possible to explore a wider variety of loading conditions and quickly determine the
number of modes and number of harmonics required to achieve convergence. Because
of strong nonlinearities present, either due to the foundation or the beam stretching,
the steady-state solutions are multivalued. An arc-length continuation technique is
implemented to find other possible solutions. The solution methodology is augmented
with a technique to account for the changing contact regions when the beam interacts
with a tensionless foundation and the steady-state response is studied. Capability to
study the stability of the solutions needs to be incorporated to make the technique
even more useful. The solution method does need to be tested under more complex
loading situations and for a larger parameter space. The next chapter is concerned
with experiments and further improvements of the model and solution procedure to
be able to explain and predict the experimental results.
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6. EXPERIMENTS AND MODEL IMPROVEMENTS
In this chapter, the experimental test fixture design is explained first with attention
to how pinned boundary conditions and static loads are realized. All the experi-
ments performed and the test procedures are detailed next. Modifications to the
beam-foundation model to match the experimental conditions, that are described in
the Chapter 2 are once again repeated here. The steady state frequency response
curves from experiments and the model predictions are compared. Tests are done on
pinned-pinned beam first without a foundation, and then on the same beam interact-
ing unilaterally with uncompressed and pre-compressed flexible polyurethane foam
foundations.
6.1 Test Rig Design & Fixture Description
From the preliminary calculations using a simplified model, the natural frequencies of
the system are obtained. Based on the previous experiments on 3” cube polyurethane
foam block [35], the linear term to approximate the sti↵ness of the foam can be
estimated. By using all this information and properties of a steel beam, preliminary
simulations are carried out to get an estimate of natural frequencies and amplitudes
possible in the experiment. With this knowledge, an experimental test rig was built.
The design process of building the test rig is described in the next section.
6.1.1 Pinned-Pinned Boundary Conditions
Out of the several boundary conditions possible for a beam, the pinned boundary
conditions are chosen because the linear mode shapes are simple sinusoidal functions
in space. Even though this results in mathematical simplicity, an ideal pinned-pinned
boundary condition is not one of the easiest ones to make.
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Some of the preliminary ideas for realizing pinned boundary conditions are sketched
in Figure 6.1. Realizing the pinned boundary conditions to some extent depends on
the thickness of the beam. A thick beam, being sti↵er, will have a low amplitude
response and therefore may not compress the foam enough to show any interesting
behavior. However, if the beam is very thin su ciently the foundation sti↵ness can
be expected to dominate and the beam sti↵ness may only play a small role in the
response. Therefore, a beam of about 1-2 mm thickness was thought to be ideal. For
beams of that thickness, welding small pins to the side-walls of the beam might not
only distort the geometry but will also be an involved and complicated fabrication
process. Drilling a hole less than 1-2 mm diameter through the end and inserting a
pin through it is also ruled-out because of the manufacturing di culties. Also, the
pins realized through any of these designs would not withstand the high stresses in
the experiments caused due to stretching in the beam. One of the other important
factors to keep in mind is to be able to accommodate the polyurethane foam bed
beneath the pinned beam assembly, with little or no interference between the pins
and corners of the foam bed, that will be close to the existing boundary conditions
assumptions in the model. One also needs to consider the friction between the con-
tacting surfaces of the pin and the beam in a dynamic experiment. If something like
the last idea of shown in the sketches in Figure 6.1 is to be taken, not only fric-
tion, but also the weight of the pinned-end should be important. As the mass of the
pinned end increases, the boundary conditions can no longer be considered as simple
pinned-pinned conditions. The rotational inertia of the pin should be accounted for
as well.
Out of the many possible options for realizing the pinned boundary conditions
considered, the one shown in Figure 6.2 seemed to be the most viable. The final
design is actually a combination of some of these sketches, much brainstorming and
some finite element analysis. To reduce the e↵ect of mass, the pins are made out of
aluminum and the beam is made out of cold rolled steel. In this way the rotational
inertia of the pins would be expected to have a negligible e↵ect. Again, the strength
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Figure 6.1. Preliminary ideas to realize the pinned boundary conditions
for a beam on a foam foundation.
of the pins is also an important factor to consider. Because the loading is dynamic
and because the pins are not allowed to move in the length direction of the beam, for
high amplitude vibrations, the pins would bend as a result of beam stretching and the
cyclic loading could lead to a fatigue failure. The choice of the metal then should be
determined by the strength to weight ratio. Titanium, even if it seems promising with
regards to the strength to weight ratio, is one of the least manufacturable materials.
Therefore, in the current design, 1” Dia x 1’ 7068 Al rods (high strength) are milled
into 12 square cross-section blocks first. Then, the ends of the square blocks are
turned on a lathe to achieve the stepped shaft type of finish. The longer portion
of the shaft sits in bearings while the shorter portion with a larger diameter acts
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Figure 6.2. Design of the pins to realize the pinned boundary conditions.
as a support to the bearings and restrict their motion along the axial direction of
the bearing. Later, the slot for the beam is milled and the holes are drilled. This
makes the pins one integral piece. A 12.75”⇥1”⇥0.06” 1018 cold drawn steel beam
is inserted in the slot. Both the ends of the beam have holes slightly larger than the
diameter of the holes drilled in the pins. This is done in order to reduce the induced
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stress in the beam due to the tightening of the screws. There is a compromise. If
the holes in the beam are too big, then sliding between the beam and the pin is
inevitable. The bond between beam and the pin could be made stronger by using a
high strength epoxy. But one must note that this will be almost a permanent bond,
eliminating the possibility of reuse of the pins. The pins and the beam assembly
is inserted into the miniature plummet bearings as shown in Figure 6.2. The four
bearings (Model# 8600N100, purchased from McMaster Carr), for the two pins of the
beam are mounted on four support blocks, which are in turn bolted to the adapter
plate. The adapter plate shown in Figure 6.3 is designed in such a way that the plate
can be used for di↵erent widths and lengths of beams. This plate is used to mount
the fixture onto the shaker table. The adapter plate is made of 6061 general purpose
Aluminum, and is 1.5” thick. This can accommodate future possible experiments
without any problem until about 1500 Hz. Beyond that frequency level, all the 10
bolts need to be screwed into the shaker table thread inserts.
Figure 6.3. Adapter plate that carries the beam and foam assembly to
be mounted on the electrodynamic shaker table.
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6.1.2 Polyurethane Foam Bed
The concept of a foam foundation for the beam can be realized with a rectangu-
lar block of foam strongly glued to a plate as shown in Figure 6.4. The material
Figure 6.4. Polyurethane foam block glued to the bottom aluminum
plate.
of the bottom plate is not of a great interest. Therefore, lightweight 6061 general
purpose aluminum is used. This type of design will provide enough flexibility with
regards to the size of beams and foam foundations used in the experiments. Flexible
polyurethane foam is bought from https://buyfoam.com. The foam can be custom
cut by the vendors, although not precisely, to the dimensions prescribed. Therefore,
one might need to do some tweaking after delivery, if they do not suit the require-
ments. The longest dimension on arial view of the foam bed should measure exactly
the beam dimensions minus the width of the pin, to minimize interference between
the pins and the corners of the polyurethane foam bed. The width of the foam bed
needs to be the same as that of the beam’s width. The height of the foam plus the
height of the beam at the bottom of this assembly could be equal to the gap width
between the bottom of the beam and the adapter plate. More details about this will
be discussed in a subsequent section. Two types of foam are used in the experiments:
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XL-38 and HR-33. According to the vendors advertisement, XL-38 foam o↵ers firm
support and solid durability. It is well-suited for use as foam padding for beds, foam
cushions, packaging, shipping, dog beds, and other furniture uses. A medium density,
high-quality foam, HR-33 is typically used for cushions, benches, chairs, mattresses,
and other re-upholstery needs. It o↵ers comfort, durability and good support. From
our experience and the compression tests performed on the two foams, the HR-33
foam is found to be closer to the behavior exhibited by car seat foam. Therefore, the
results pertaining to the HR-33 foam are used in the main body of this chapter and
the XL-38 foam results are given in Appendix I. With all these pieces designed, the
total text fixture can be assembled as shown in Figure 6.5. The types of fasteners
used, their part numbers when ordered, engineering drawings for each of the part
designs, the materials and dimensions are all given in the Appendix C. Photographs
of all the discussed parts and assemblies in this section are presented in Appendix D.
Figure 6.5. Complete 3D CAD drawing of the test fixture with pinned-
pinned beam on a polyurethane foam foundation.
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6.2 Types of Dynamic Excitation
In the model predictions shown in Chapter 3 and Chapter 4, concentrated dynamic
loads are applied at di↵erent locations along the length of the beam. In an experiment,
concentrated harmonic forces can be stimulated to some extent with the help of stinger
rods and mini electromagnetic shakers for e.g., BK4810, that can generate a maximum
acceleration of 50g, with a frequency range from DC to 18 kHz and a force rating of
10N. Di↵erent force levels and excitation frequencies can be controlled by the signal
generator and accelerometers can be mounted on the beam at locations where the
response is to be measured. Alternatively, one can choose to go for non-contact
measurement devices like laser displacement sensors. All that can still be done with
the current test fixture design. However, this was not our choice. In almost all of
the automotive seat-occupant systems literature, if there are any experiments done,
the car seat and the mannequins/occupants, or the polyurethane foam blocks are
base-excited (for, e.g., see [1,35,84–86]). In some of these studies harmonic excitation
is used, and in some others random excitation is used. Since the motivation for this
research is coming from the seat-occupant systems, base excitation is chosen here.
As shown in Section 2.2.2, the equation of motion for a based excited system, with
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Stretching must be included in the model because the pinned ends of the beam are
rotating in the bearing fixed to the support blocks (see Fig. 6.5).
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6.3 Static Load through Precompression
As mentioned earlier in this thesis, it would be nice to have an opportunity to un-
derstand the dynamics of the system around a non-zero static equilibrium position.
After having performed simulations in a similar manner, it seemed a logical step to
be able to do something similar in the experiments as well. Moreover, in the original
seat-occupant dynamics experiments [1, 35, 84–86], the mannequin/human occupant
is allowed to settle in the car seat by the weight and then the seat-occupant system
is excited from the base as a whole. Applying constant static loads on a base ex-
cited system might be easy in theory but not in an experimental setup. In order to
perform experiments where the beam is undergoing a nonzero static equilibrium, one
approach will be to introduce precompression in the boam. As explained in Section
2.2.4, precompression can be achieved by pulling the pinned ends of the beam down-
wards. This action generates a reaction force in the foam foundation. Based on this
reaction force, the beam will have a static deflection shape, as illustrated shown in
Figure 2.2 which is repeated here for convenience in Figure 6.6.



























Figure 6.6. Schematic illustration of pre-compression in the foam foun-
dation by pulling the pinned-ends down.
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The equation of motion in its most general form for a beam whose ends are pulled
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Note that the precompression being discussed here provides a static distributed load
on the beam. That is, the assumption h(t) = h, from Section 2.2.4 is still valid.
In experiments, precompression is realized by choosing the height of the foam to
be more than the gap between the bottom of the beam and the top of the base, to
which beam polyurethane foam bed is glued. For di↵erent levels of precompression in
experiments, one can appropriately choose di↵erent heights of foam beds or support
blocks (see Figure 6.7).
Figure 6.7. Support blocks of di↵erent heights to be supplemented with
foam beds of di↵erent heights to achieve di↵erent levels of compression.
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6.4 Experiments
All the experiments done as a part of this thesis are explained in this section. The
test procedures are given and the equipment used for excitation and measurement
are described.
6.4.1 Experimental Equipment
The test fixture design has been detailed in previous sections. Also, see Appendix
C for additional details regarding materials, fasteners and dimensions. Photographs
of the test fixture are given in Appendix D. This section is primarily focused on
the apparatus other than the test fixture, that is, the excitation and measurement
systems.
6.4.1.1 Base Excitation - TIRA Electrodynamic Shaker
The TIRA exciter TV 59335/AIT-440 shown in Figure 6.8 is employed for all
base excitation experiments described in this chapter. It can be used for a wide
variety of vibration testing like sweep sine tests, tests with a single fixed frequency
and sweep random excitations and shock tests over a wide band of frequencies. In
this research, this system is used to perform band-limited white noise excitations,
fixed frequency sinusoidal (harmonic) excitations, and swept sine excitations. The
shaker is accompanied with the TIRAvib A 3 08 3 060 power amplifier cabinet,
which contains the measurement and control electronics, voltage supply unit, power
amplifier modules, field supply unit of the vibration exciter, as well as the connection
for air-cooling fan, so that the complete vibration testing system can be fed from
one power supply point. The maximum payload for the exciter is 601 kg, and the
maximum acceleration is 207g m/s2 for shock and 100g m/s2 for the sine and random
excitations, respectively. Please see the technical documentation for more details.
Even though the technical documentation says the shaker is designed to operate
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Figure 6.8. TIRA Vibration test system. Electrodynamic shaker and the
power amplifier cabinet.
between 5 Hz - 3000 Hz, it is advised to stay above 20 Hz because of the shaker
resonance below 10 Hz. The system is controlled by VibeLab VL-144 vibration control
system via an accelerometer mounted on the shaker head.
6.4.1.2 Base Excitation - Measurement Equipment
The input to the shaker is controlled by the response fedback by the accelerometer
mounted on the shaker head. The response of the beam is measured by a Polytec PSV-
400 scanning laser Doppler vibrometer (LDV, see Figure D.6), with the accompanying
software PSV 8.0 to control the laser head and its measurement. The system o↵ers a
non-contact measurement, and thus there is no need to mount sensors on the beam
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that could a↵ect the dynamics of the beam. Additionally, another PCB U353B68
SN 32992 accelerometer is mounted on the adapter plate of the fixture to measure
the base excitation applied to the beam fixture (input signal). A quick guide to
usage of the Polytec PSV-400 scanning LDV is given in Appendix E. For more details
the reader is encouraged to look at the user manual. The experimental setup for
base-excitation experiments is shown in Figure 6.9.
6.4.1.3 Compression Test - MTS Machine
The MTS 858 Mini Bionix machine is used for compression tests on polyurethane
foam samples. The foam samples are compressed between two metal plates, of which
one is fixed and the other plate is hydraulically actuated. No external measuring
devices are needed, as the LVDT measures the displacement of the moving plate and
the load cell under fixed plate measures the force. Based on the specifications of the
load cell, the machine can take axial loads upto 25 kN. The sampling frequency of the
measurements is 128 Hz. For more details please refer to the technical documentation.
6.4.2 Band-limited White Noise Excitations
The TIRA electrodynamic shaker is used to perform the band limited white noise
excitations on a pinned-pinned beam. These experiments were performed in order
to quickly determine the resonance frequencies of the pinned-pinned beam without a
foundation before the steady-state response measurements are carried out. The input
to the shaker is controlled by the VibeLab vibration control system getting the direct
feedback from the accelerometer on the shaker head.
The goal of the first set of experiments was to examine the frequency response
functions that are the best, in a least square sense, linear explanation of the rela-
tionship between the base excitation, z(t), and the mid-point motion of the beam,
w(0, t). Of interest are the locations of the resonances and the level of nonlinearity
in the system, as evidenced by the changing frequency response function estimates
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Figure 6.9. Experimental setup for base-excitation experiments of a
pinned beam on a polyurethane foam foundation.
as excitation level is changed, and by the characteristics of the corresponding coher-
ence functions. The excitation used was filtered white noise. The filter passband was
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10-2000 Hz and the roll-o↵s of the filter were 40 dB/Octave. However, in the results
presented in this section, the response behaviour between 10-500 Hz is focused on.





where Ĥ(f) is the estimate of frequency response function, Ŝzw is the estimate of cross
spectral density of the excitation and response signals, and Ŝzz is the estimate of power
spectral density of the excitation signal. Segment averaging was used to estimate
the cross and power spectral densities. The segments were windowed with a Hann
window and 50% overlap of segments was employed. This approach to estimating
the frequency response functions works well if there is a very low level of noise on
the excitation signal and su cient averaging is performed to reduce the variance due
to components in the response signal that cannot be modeled by a linear operation
on the input signal. Also, the segment size should be large enough so that the bias
e↵ects in the spectral estimation due to windowing are small. A rule of thumb is that
the segments should be of longer duration than the e↵ective length of the impulse
response of the system. These estimates were calculated by using the Polytec analysis
software PSV 8.0 with the frequency domain complex averaging setting.
The input base accelerations were measured by using a PCB U353B68 SN 32992
accelerometer and the output velocity was measured by using a Polytec PSV-400
scanning laser Doppler vibrometer. Only the response at the center of the beam
was measured in these experiments, unless the operational deflection shapes are of
interest (shown later in this section). Prior to the experiment, the accelerometer
was calibrated and the calibration factor was found to be 109.2846 (m/s2)/V. The
base excitation acceleration (input signal) and the velocity at the mid-point of the
beam (output signal) were passed through anti-aliasing filters and acquired at a rate
of 5,120 samples per second. The segment size chosen was 3.2 seconds, giving a
spectral resolution of 0.3125 Hz. Fifty segments (with 50% overlap) were used in the
estimation of the spectral densities.
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Four excitation levels were used with power spectral density levels of 0.0001 g2/Hz,
0.0005 g2/Hz, 0.001 g2/Hz, and 0.005 g2/Hz. Results for the first and the last of these
excitation levels are shown in Figures 6.10 and 6.11, respectively.






































































Figure 6.10. Results from an experiment on the pinned-pinned beam.
Excitation, z(t), is band-limited white noise with a power spectral density
level of 0.0001 g2/Hz over the frequency range 10 to 500 Hz. Response,
w(0, t), is the velocity at the mid-point of the beam. (a) Excitation power
spectral density, (b) response power spectral density, (c) magnitude of the
estimated frequency response relating base excitation to the response, and
(d) the coherence function.
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Figure 6.11. Results from an experiment on the pinned-pinned beam.
Excitation, z(t), is band-limited white noise with a power spectral density
level of 0.005 g2/Hz over the frequency range 10 to 500 Hz. Response,
w(0, t), is the velocity at the mid-point of the beam. (a) Excitation power
spectral density, (b) response power spectral density, (c) magnitude of the
estimated frequency response relating base excitation to the response, and
(d) the coherence function.
Clearly, from both these plots distinct peaks are observed at 34.23 Hz and 300.05
Hz. These two correspond to the first and the third resonant frequencies of the
beam. There are also smaller peaks at two times and three times the fundamental
resonant frequency, which would become very small if a lot more averaging was done
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in the spectral estimation because they are residual nonlinear e↵ects. As shown
in Figure 6.11, these become more and more predominant as the level of excitation
increases (also see Appendix F) if the amount of averaging is kept constant because the
nonlinear component would become larger requiring much more averaging to reduce
its e↵ect on the estimated cross spectral density. The presence of nonlinearities in
the system can also be seen from the dips in the coherence functions at the natural
frequencies and at integer combinations of multiples of the natural frequencies. The
dips is the coherence function close to the resonance (and at harmonic combinations of
them) become broader as the excitation increases because the e↵ect of the nonlinearity
is stronger in these cases and the strongest where the response amplitude is greatest.
The nonlinearity arising in this simple pinned-pinned beam experiment is due to the
stretching of the beam between the fixed ends. This, as seen in Section 2.2.3 will
result in a cubic nonlinearity. However, there is a slight curvature in the beam and
a small axial load on the beam because the beam is very slightly longer than the
distance between the pins. Also, excessive tightening of the screws between the pins
and the beam than what is necessary, could also cause an axial load in the beam,
which in presence of any form of asymmetry would cause the beam to have a non-zero
transverse static deflection. All these result in a the quadratic nonlinearity when the
system is base-excited around this equilibrium.
For the lowest level of excitation (PSD: 0.0001 g2/Hz) a second type of experiment
is performed to produce operational deflection shapes. A scanning grid is defined
as shown by the white lines on the beam in Figure 6.12. A frequency response
function is estimated at each of these points. The values of these frequency responses
at resonance are used to create the operational deflection shape. For additional
verification, modal analysis was performed by using ABAQUS CAE on the designed
pinned beam assembly and the mode shapes and natural frequency information was
extracted. The operational deflection shapes of the velocity measurements from LDV
and the mode shapes obtained from the finite-element analysis are shown in Figure
6.13, and both are in a good agreement. Note that the ends of the grid that was used
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for determining the operational deflection shapes do not coincide with the undeformed
shape because these edges are not on the pins; they are about 2 to 3 mm away from
the edge of the pins. The values of the natural frequencies obtained from theory and
finite element analysis are compared against the experimental resonant frequencies in
Table 6.1. The di↵erences in natural frequencies from various methods are less than
4%.
Figure 6.12. Scanning points defined as a grid using the PSV 8.0 software
for the LDV to measure the velocity at each of the points. From the input
and output signals the frequency response is estimated at each of the
points. Value at any other point on the beam other than the scan-points
is obtained by interpolation within the software. This is the top-view from
the LDV video camera.
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Figure 6.13. Mode shapes obtained from the finite element analysis (up-
per two plots) and the operational deflection shapes obtained from the




The resonant frequencies in Hz of the first and the third modes of the
pinned-pinned beam without any foundation. Predictions are from theory,
a finite element analysis and from experiments
Mode Analytical (Hz) FEA (Hz) Experimental (Hz)
1 33.63 34.99 34.23
3 302.66 305.36 300.05
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6.4.3 Fixed-Frequency Pure Sine Excitations
After getting an estimate of the location of resonant frequencies, experiments with
fixed-frequency pure sine excitations are carried out. In these experiments, the test
fixture is securely fastened to the TIRA electrodynamic shaker and base excitation
is supplied to the shaker, at a fixed frequency and acceleration amplitude. The
acquisition settings in the PSV software has to be changed to time-domain. The
response and input measurements are monitored on the Polytec DMS console. Before
the measurements are recorded it is made sure that the steady-state is reached by
looking at the time response and observing the amplitude and phase information. The
response measurements are consistently started at frequencies, where the amplitude
of vibration is smaller and then gradually in steps of 1 or 2 Hz increased towards
the peak. At each frequency, it is made sure that steady-state is reached, and then
only the measurements are recorded. These fixed-frequency harmonic base excitation
experiments on the pinned-pinned beam are done mainly for three cases:
1. no foam foundation;
2. uncompressed foam foundation;
3. precompressed foam foundation.
These experiments are described next in this section along with experiments to in-
vestigate the repeatability of the measurements, after reporting on some practical
issues.
6.4.3.1 Practical Issues and Procedures for Repeatability
Some practical issues concerning all the experiments involving the beam are described
here. For the pinned-pinned beam experiments without a foundation, initially mul-
tiple excitation levels (0.1g, 0.2g, 0.5g, 1.0g, 2.0g) were tested. However, the initial
experiments were not very repeatable. First, the resonant frequencies tend to shift
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to the left on the frequency response curves. It is then discovered that if the beam is
tightly secured in the pin, this can be avoided. It was recommended for repeatability,
that the assembly is not disturbed for every experiment. There is much uncertainty
in mounting the bearings on the support blocks, inserting the pin-beam assembly into
the bearings and tightening the screws at the pinned ends. The following procedure
was found to produce repeatable experimental results for the experiments presented
in this thesis. First the beam is inserted in the slots made in the pins and then, se-
curely tightened by same number of turns on the four screws at both the pinned ends.
This assembly is set aside. Then, two of the plummet bearings are mounted on two
of the support blocks on the right half (or left half, does not matter) of the adapter
plate, and then the pinned-beam assembly is inserted into the bearings. Holding
on to the assembly intact, the other two plummet bearings are inserted through the
empty side of the pinned ends on the left half of the adapter plate. These bearings
are then securely tightened to the support blocks on the left half of the plate. Re-
peating this process in almost the exact same manner is important for repeatability
of experimental results.
Another observation was that the beam instead of vibrating in the first pinned-
pinned type of mode shape, the mode of vibration was similar to that of the first fixed-
fixed beam mode. The ends were more or less not rotating. Lubricating the bearings
regularly helped fix this problem. However care must be taken while lubricating
the bearings, since it is not advisable that the interface between slot in the pin and
the beam, or the screws in pins to have any trace of this lubricant. If there is no
friction between the beam surface and the slot in the pin, then all the forces due to
stretching of the beam, especially at higher levels of excitation and high amplitudes
of vibration, will be transferred to the aluminum pins through the screws. This leads
to cyclic bending of the pins between the bearings and an eventual fatigue failure.
Custom-cut polyurethane foam pieces as described in Appendix D and shown in
Figure D.5 were used as the foam foundation. Note that these foam pieces are roughly
cut by the vendor to the dimensions supplied. Therefore, some finer trimming of these
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pieces was necessary. It is advised to order more foam than what is required because
of the uncertainty in final dimensions of the pieces received. The vendor did not
use any hot wire techniques, that would change the surface properties of the foam;
a band saw was used to cut the foam. After the foam is received, based on the gap
width between the beam and the base plate of the foundation, the height of the foam
is adjusted. Experiments were conducted on XL-38 and HR foams as described in
Section 6.1.2. However, only the results corresponding to HR foam, which is similar
to the car-seat foam, are presented in this section. The XL-38 foam results are given
in the Appendix I.
A number of experiments were done to ensure repeatability with foam. At each
frequency, the response was recorded after reaching the steady-state, which was as-
sessed by no change in the amplitude for 10-15 successive cycles. This transience
during these experiments were seen to die down rather quickly. However, it was ob-
served that this is not the true steady-state in the context of foam. The frequency
response curves going forward increasing the frequency in steps did not match the
response going backwards decreasing the frequency in steps. The following procedure
ensured repeatability. First a quick swept-sine base excitation was applied to the
shaker for the purpose of getting an estimate of frequencies at which the amplitudes
are high and the frequencies where amplitude jumps occur. This rate can be as high
as 0.5 to 1 Hz/s. With this knowledge, before recording the measurements for the
fixed-frequency base excitation experiments, few frequencies around the peak were
selected and the system was allowed to reach steady state increasing or decreasing
frequency in steps. This process was repeated until the response amplitude at these
frequencies stopped changing. Once this dynamic steady-state is reached, the input
and response measurements could be recorded.
Note that the scanning LDV measures the velocity and not the deflection. How-
ever in steady-state harmonic response, one can approximately obtain the steady-state
displacement amplitude by dividing the steady-state velocity amplitude by the fre-
quency of excitation at that particular frequency, if the second and third harmonic
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contributions are less than an order of magnitude compared to that of the first har-
monic. It was verified that this is the case for all the measurements shown in this
thesis.
6.4.3.2 No Foam Foundation
Following the procedures described in the previous section, experiments were con-
ducted at two levels of excitation (0.1g and 0.5g). In Figure 6.14(a) are shown the
experimental measurements of the steady-state amplitude at the mid-point of the
beam. The steady-state amplitude is once again calculated as half of the di↵erence
between the maximum and minimum values of the signal. In Figure 6.14(b), the same
results are repeated but scaled by the amplitude of the input excitation removing the
e↵ect of the input excitation on the response. To that end, the steady-state output
velocity of the mid point (which is the direct output measurement) is divided by the
steady-state input acceleration of the shaker (as measured by the accelerometer on
the adapter plate). Note that, in this figure, the amplitude of vibration for a lower
level of excitation seems bigger than the amplitude in the higher excitation case, but
that is because the measurements are divided by a number less than 1. At higher
level of excitation, because of higher amplitudes near resonant frequencies, there is
more stretching in the beam and therefore, stronger nonlinearity. This is seen as
increasing hardening type behavior in the frequency response curves as the excitation
is increased. For the 0.1g excitation the jumps in the amplitudes are observed at 33
Hz and 36.5 Hz and for the 0.5g they are at 34 Hz and 48 Hz. The 0.5g experiment
was repeated after two days and the results were very repeatable as shown in Figure
G.1 in Appendix G.
6.4.3.3 Uncompressed Foam Foundation
The uncompressed HR foam tested is 0.02 mm below the bottom surface of the
beam, which is pretty insignificant for the surface texture of the foam. The pinned-
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Figure 6.14. Experimental measurements of steady state response of the
beam at di↵erent levels of harmonic base excitation: 0.1g forward ( ⇤ ),
0.1g reverse ( e ), 0.5g forward ( ⇤ ), 0.5g reverse ( e ). (a) Midpoint
deflection, (b) the midpoint velocity scaled by the amplitude of the input
acceleration.
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pinned beam is assembled by the procedure described in the previous sections. The
foam foundation assembly shown in Figure 6.4 and Figure D.5, is carefully slid through
the recess between the support blocks in the direction along the length of the beam.
There will be some resistance during this process because the foam bed will be rub-
bing against the pin. Note that the bottom surface of the pin will be lower than
the beam because of the design (see the photographs in Appendix D). Once the
sliding is complete, the base of the assembly should be securely tightened to the
adapter plate. Even though after the assembly the foam is uncompressed, because
of this assembly process the foam will get squeezed on the top. It is observed by a
number of researchers who did experiments with foam (see for e.g., [1, 33, 35]) that
polyurethane foam takes a long time to recover after compressing it based on the
strain rate, temperature, humidity etc. However, repeatable results are obtained if
the polyurethane foam is left uncompressed for 2 days and untouched before the
experiment is conducted again. Because of the slight squeezing during the sliding
process, the pinned-beam and uncompressed foam-foundation assembly was left for
two days before the base-excitation experiments were started.
The three levels of excitation studied are: 0.5g, 1.0g and 2.0g. The steady-state
amplitudes of the midpoint response are shown in Figure 6.15. In Figure 6.15(a), the
deflections of the beam are shown and in Figure 6.15(b) the ratio of the midpoint
velocity scaled by the input base acceleration are shown. Because the foam restricts
beam’s motion in part of a cycle, an excitation of 2g causes a steady-state peak
amplitude of only about 4 mm. However, the peak amplitude for the no-foundation
case shown in Figure 6.14 is about 5.6 mm for an excitation level of 0.5g. When the
base excitation amplitudes are smaller, for example 0.5g, the frequency response curve
has a distinct peak at 53.5 Hz. However as the excitation levels are increased, due to
the stretching nonlinearity, a hardening type response is observed. Even though the
foam foundation restricts motion on one side, the beam is free to vibrate on the other
side and therefore, stretching still occurs. When the excitation level is 1.0g, the peak
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Figure 6.15. Experimental measurements of steady-state response of the
beam on an uncompressed polyurethane foam foundation at di↵erent lev-
els of harmonic base excitation: 0.5g forward ( ⇤ ), 0.5g reverse ( e ),
1.0g forward ( ⇤ ), 1.0g reverse ( e ), 2.0g forward ( ⇤ ), 2.0g reverse
( e ). (a) Midpoint deflection, (b) midpoint velocity scaled by the base
excitation level.
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amplitude occurs at 54.5 Hz, but at 55.1 Hz the response quickly drops about 1.2
mm. Similar behavior is observed when decreasing the frequency in steps. At 55.2
Hz the response suddenly increased 0.5 mm. For the 2.0g base acceleration case, at
58.8 Hz and 57.5 Hz the jumps in amplitudes occurred while increasing or decreasing
the frequency in steps, respectively.
6.4.3.4 Precompressed Foam Foundation
Tests were done for the case of a precompressed foam as well. To that end, a foam
foundation 2.4 mm higher than the gap between the lower surface of the beam and
the base plate is chosen. After this foam is inserted under the beam, before securely
fastening the base plate to the adapter plate, it is important to check that during the
process of insertion the foam did not bend laterally and whether the foam foundation
is regularly compressed from all directions. Any minor adjustments necessary should
be made before securing the assembly on the adapter plate. The assembly must be set
aside for a day in order for it to settle to its static equilibrium and then the harmonic
base excitation studies can be conducted.
The three levels of excitation studied are: 0.5g, 1.0g and 2.0g. The steady-state
amplitudes of the midpoint response are shown in Figure 6.16. In Figure 6.16(a),
the deflections of the beam are shown and in Figure 6.16(b), the same results are
repeated but scaled by the amplitude of the input excitation removing the e↵ect of
the input excitation on the response. The most distinctive di↵erence between the
uncompressed case (Figure 6.15) and the precompressed case (Figure 6.16) is that
the response is softening type in the latter. At 0.5g, the resonant frequency is 77 Hz,
and because of the low amplitude of oscillation, the response is essentially linear. As
the excitation amplitude and hence the oscillation amplitude increase, the response
shows a softening behavior. This is expected because of the precompression in the
foam. This could be due to foam-softening, but mostly it is due to vibrations about a
static equilibrium of the beam due to precompression of the foam, and the quadratic
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Figure 6.16. Experimental measurements of steady-state response of the
beam on a precompressed polyurethane foam foundation at di↵erent levels
of harmonic base excitation: 0.5g forward ( ⇤ ), reverse ( e ); 1.0g
forward ( ⇤ ), reverse ( e ); 2.0g forward ( ⇤ ), reverse ( e ). (a)
Midpoint deflection, (b) midpoint velocity scaled by the base excitation
level.
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nonlinearity that arises in cubic systems, as a result of harmonic loads with a non-zero
mean static load (see Appendix A, and the example shown in Figure 5.9). This will
be revisited during the model predictions in Section 6.5.3. As the excitation is further
increased to 2.0g, the beam starts to lift o↵ from the precompressed foundation for a
part of the cycle, after the steady state mid-point amplitude increases more than 2.4
mm. This is also seen from the frequency response curve. Increasing the frequency
in steps, a jump in the response amplitude occurred at 69.7 Hz, while decreasing the
frequency in steps, the jump occurred at 66.7 Hz. Note the slight hardening type
response starting right after 2.4 mm. This is because of the stretching nonlinearity,
which is a cubic nonlinearity, starting to dominate the other quadratic nonlinearity
e↵ects in the system.
6.4.4 Uniaxial Compression Tests on Polyurethane Foam
Uniaxial compression tests were performed on the 3” foam cube of both the types
of foam (XL-38 and HR) used as foam foundations. HR foam experiments will be
focused here, with XL-38 foam experimental results given in Appendix I. Tests were
performed at di↵erent strain rates using the MTS Bionix machine described earlier.
A number of researchers studying polyurethane foam performed compression tests on
foam to measure and model the mechanical properties of polyurethane foam (for e.g.,
see [34,35,87]. A similar experimental procedure was used while doing the experiments
on this new HR foam used as the foundation for the base excitation experiments.
These experiments were done in order to understand mechanical properties of foam
such as sti↵ness, viscoelasticity and damping. In all these experiments, the foam
is compressed to 67% compression and then uncompressed back to the initial state
with a constant strain rate. The di↵erent strain-rate tests conducted are shown in
Table 6.2 and the corresponding experimental results are presented in Figure 6.17.
The results of repeatability tests for the 2.53 min compression tests are given in the
Appendix H. The data from the MTS machine is the displacement of the actuator
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and the force in the load cell. However, the stress-strain curves are shown in Figure
6.17 and in the Appendix I to remove the e↵ect of geometry on the results. For this
purpose, the force is divided by the area and the displacement by the height of the
foam when uncompressed in order to get the stress and strain data, respectively.
Table 6.2.
Nomenclature for the uniaxial compression tests conducted on foam blocks
at various strain rates.
Test T1 T2 T3 T4 T5 T6 T7
Test Duration (min.) 2.53 4.90 10.8 20.8 27.8 41.7 88.3
Strain Rate (%/s) 0.88 0.46 0.22 0.10 0.08 0.06 0.02


















Figure 6.17. The stress-strain curves for HR foam at di↵erent strain rates.
T1 ( ), T2 ( ), T3 ( ), T4 ( ), T5 ( ), T6 ( ), T7 ( ). See
Table 6.2 for the strain rate values.
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6.5 Discussion and Comparison of Model Predictions with Experimental
Results
In this section, first a method to estimate the foam parameters based on the com-
pression tests is presented and then the procedures to estimate the damping ratio
and natural frequencies of the system with or without the foam are described. A
Prony series was used to model the free response of the system. Then simulations
were carried out for the no-foam, uncompressed foam and precompressed foam cases
and the results are compared with experiments.
6.5.1 Foam Parameter Estimation
The raw data from the experiment is corrupted with the noise from the hydraulics
and the quantization errors in the data acquisition system which was configured
to measure much larger forces. Therefore, the data is low-pass-filtered and then
resampled with a cut-o↵ frequency at 5 Hz. The model described in Section 2.2.1
is fitted to the compression test data. In Equation (2.13) and Equation (2.14) only
one viscoelastic term is used, that is J1 = J2 = 1 and a 15th order polynomial to
model the elastic stress is used. The experimental result and the fit are shown in
Appendix G for a 2.53 minute test. A similar procedure was used for all the di↵erent
strain rate tests and the model parameters were estimated. It is important to note
from this exercise that the parameters of the foam appear to be strain-rate dependent
i.e., the values obtained by fitting the model in Equations (2.13) and (2.14) to the
experimental data obtained from 3 di↵erent strain rates (tests T1, T3 and T5), as
shown in Table 6.3.
6.5.2 Estimation of Damping by Fitting Prony Series to Free Response
Instead of performing impulse tests to obtain the free response of the system, base
excitation experiments at a frequency near resonance were used. For this purpose,
133
Table 6.3.
Estimated foam parameters using the model in Section 2.2.1, from three
di↵erent strain-rate tests. Also, see Appendix H.
Test T1 T3 T5
%Strain rate 0.88 0.22 0.08
K1 (N/m2) 4.13E+04 3.09E+03 1.52E+04
K2 (N/m2) 7.79E+05 3.09E+06 1.51E+06
K3 (N/m2) -2.37E+07 -9.88E+07 -4.60E+07
K4 (N/m2) 2.55E+08 1.66E+09 6.94E+08
K5 (N/m2) -1.23E+09 -1.81E+10 -6.76E+09
K6 (N/m2) -8.8E+08 1.36E+11 4.60E+10
K7 (N/m2) 5.31E+10 -7.30E+11 -2.30E+11
K8 (N/m2) -3.800E+11 2.87E+12 8.23E+11
K9 (N/m2) 1.57E+12 -8.30E+12 -2.20E+12
K10 (N/m2) -4.30E+12 1.74E+13 4.32E+12
K11 (N/m2) 7.99E+12 -2.70E+13 -6.20E+12
K12 (N/m2) -1E+13 2.87E+13 6.17E+12
K13 (N/m2) 8.37E+12 -2.10E+13 -4.10E+12
K14 (N/m2) -4.10E+12 8.93E+12 1.65E+12
K15 (N/m2) 8.82E+11 -1.70E+12 -3.00E+11
a1 (N/m2) -0.12 -0.03 -0.01
↵1 (s 1) 0.50 0.25 0.08
b1 (N/m2) 6.59E+04 5.79E+04 5.34E+04
 1 (s 1) 0.43 0.16 0.06
the test-fixture is mounted in a similar way described for all the base excitation
experiments before and a fixed-frequency harmonic signal is given as an input to
the shaker. The midpoint response is observed until the steady-state is reached.
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After the steady-state is reached, the input excitation to the shaker is stopped. The
free-response thus obtained is used for estimating the damping ratio and natural
frequencies of the system.
The parameter estimation is based on modelling the free response as a Prony se-
ries (sum of exponentially decaying/increasing sinusoids). The detailed procedure for
estimation is given in the earlier theses of our research group (please see, [33,35]). A
part of the free response, shown by blue curves in Figure 6.18, that is free from the
immediate e↵ects of the base excitation provided by the shaker, or the noise floor, is
chosen for estimation process. To get an estimate of where the measurement noise
floor is, the mid-point velocity was measured without exciting the shaker. This noise
level served as a reference to decide after what time the free response of the system
could be discarded as complete noise. Even in the free response, noise needs to be
modelled because only then one would achieve a good fit; otherwise it unnecessar-
ily contributes to inaccurate estimation of parameters. Several methods have been
proposed in literature for improving the accuracy of estimation in the presence of
noise (see for example, [88]). A higher order Prony series is required to model noise.
100-200 terms were used to model the free response both when the foam is present or
otherwise. However, only few terms contribute the most to the free response. In order
to identify these terms, the energy contribution of each term is calculated based on
the measure shown in Equation (6.4). A sampling rate of 1024 Hz is used in model,





where, Ej is the energy contribution of the jth term, ẋj(t) is a contributing term and
T is the duration over which the model is fit to the data. The integral limits are the
start and the end time instances of the free response (shown as the blue curve).
In Figure 6.18, the free response of the beam without (see Figure 6.18(a)) and
with a precompressed polyurethane foam foundation of HR type (Figure 6.18(b)) is
shown in black curves. The part of the response that is used for the Prony series
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estimation is shown in blue. Both the free responses are recorded after the harmonic
base excitation of 0.5g at a frequency close to the fundamental resonance as been
turned o↵.
The no-foundation case takes much longer time to decay than when there is foam.
This is expected, but this also means that there will be lesser data (only about 25
cycles) when there is foam to fit the Prony series. For the no-foundation case, a
200-term Prony series is fit to part of the measured response and the result is shown
in Figure 6.19(a). In Figure 6.19(b) is shown a comparison between the measured
response and the Prony series fit by just using the major contributors. For the cases
considered, one-term is su cient. When the foam is present, only 100 terms are used
before down selection of terms, and the corresponding results are presented in Figure
6.20. In both the cases the major contributor is observed to be the natural frequency
nearest to the excitation frequency of that particular system. In Table 6.4, the values
of the damping ratio and natural frequencies obtained for the two cases are given.
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Figure 6.18. Measured free response of the beam at 0.5g ( ) and the
part of the data ( ) used for estimation of the natural frequencies and
damping ratio using Prony series. The cases shown are: (a) no foundation
at an excitation frequency of 45 Hz, and (b) precompressed foundation at
an excitation frequency of 77.7 Hz.
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Figure 6.19. Measured free response of the beam at 0.5g ( ) and the
Prony series fit ( ) to the measured response, for the case of no founda-
tion. The cases shown are: (a) when 200 terms are used in Prony series,



























































Figure 6.20. Measured free response of the beam at 0.5g ( ) and the
Prony series fit ( ) to the measured response, for the case of precom-
pressed foundation. The cases shown are: (a) when 100 terms are used in
Prony series, and (b) when only one of the terms from the Prony series is
used to predict the response.
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Table 6.4.
Natural frequencies and damping ratios estimated using Prony series, for
the cases of no foundation and precompressed HR foam foundation. Foam
foundation is 2.4 mm higher than the gap between the beam and the base
plate.
Case Natural Frequency Damping ratio
No foundation 31.28 0.0013
Precompressed HR foam 77.53 0.0220
6.5.3 Experiments and Model Predictions
After estimating the parameters of the model, predictions were made incorporating
some of the model structure improvements such as the precompression and stretching
nonlinearity described in Chapter 2 and revisited at the beginning of this chapter.
Ignoring the viscoelastic terms for low amplitude vibrations, concentrated masses, dis-
tributed and concentrated loads (which are not used in the experiment), the equation











































Note that precompression in foam appears as a static distributed load in the
equation of motion. The incremental harmonic balance method developed in Chapter
5 can still be used after these model structure improvements.
In Figure 6.21 are shown the experimental results and model predictions. The
simulations are carried out for the cases of no-foundation, as well as uncompressed
and precompressed polyurethane foam (HR type) foundations. In Figure 6.21(a), for
the precompressed foam case (shown as red lines), the three levels of base excitation
are 0.1g, 0.3g, and 0.5g. The darker the red, the higher the excitation. For the
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uncompressed foam case (shown as blue lines), the two levels of excitation shown
are 0.1g and 0.5g. Finally for the no-foundation case, only the case for 0.5g is shown
(black line). The no-foundation case has the highest deflection and shows a hardening
behavior. The peak amplitudes of oscillation occurred near the same frequencies as
the experiments. Also, because of stretching nonlinearity, the frequency response
curve shows a hardening behavior. For the same level of damping and excitation, the
response of the beam on a uncompressed foundation showed lower amplitudes and
higher resonant frequencies. This is due to the increased sti↵ness of the system due
to the addition of foam foundation. The sti↵ness of the foundation used is 3 times
higher than the linear sti↵ness estimated from the fastest quasistatic compression test
performed. In the quasistatic experiments, the estimated sti↵ness changes with the
strain-rate used in the test. When the foundation is precompressed, the response is
not only smaller but it also exhibits softening type behavior. Changing the damping
or the nonlinearity in the foundation led to convergence issues. These will be discussed
later in the next chapter.
The experimental results and the model predictions are in good qualitative agree-
ment. The increase in the sti↵ness of the system (seen as the decreasing amplitudes,
and increasing resonant frequencies in Figure 6.21), the transitioning of a hardening-
type response to a softening-type, for the three cases are very similar in the model
predictions and the experiments. However, there are di↵erences too and improvements
to the model are necessary. First of all, the model parameters estimated using the
procedures described in Sections 6.5.1 and 6.5.2 only gave a rough estimate of where
to begin the parameter estimation. They needed some adjustment to get closer to the
frequencies and amplitudes seen in the experiment. The primary reasons could be the
lack of incorporation of strain-rate dependencies in the parameters and viscoelastic
terms that contribute to the sti↵ness of the system. The viscoelastic model may also
need to be of higher order [32]. The fastest strain-rate experiment conducted was a
0.88 %/s test. But the strain-rate in the uncompressed foam experiment is about 100
times more, that is as high as 88 %/s. So the parameters obtained may not be su -
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ciently accurate. One can observe the trend of changes in parameters as a function
of strain-rate and derive empirical relationships between the strain-rate and each of
the parameters with in certain range, and these seemed to have worked reasonably in
some cases [89]. This is a probable primary cause for the discrepancy. The damping
in the system is all characterized as velocity proportional. Even though the viscoelas-
tic parameters are estimated for the foam when fitting to the quasistatic response
data, they are yet to be included in the beam-foam model. This will be necessary
in order to improve its range of applicability for wider range of loading conditions.
It is observed that the value of foam precompression height used for simulations is
two orders of magnitude less than the 2.4 mm seen in the experiment. Only then the
resonant peak got closer to the experimental 77.5 Hz. But this could be probably
due to improper estimation of the foam parameters and insu cient model structure
to characterize the viscoelasticity. The estimated damping from the Prony series is
multiplied by a factor 20 to get similar levels of vibration amplitude. The response
of the beam for the no-foundation case, however, is much closer to the experimental
result than the other two cases, the major di↵erences being the peak amplitude and
the spread of the resonance peak along the frequency axis. It was observed that if
there is an axial tension of 35 N, and if the base excitation level is reduced to 0.2g
instead of 0.5g, the experimental results and the model predictions are much closer
(see Figure 6.22). The tightening of the screws to assemble the pins on to the beam
could introduce some tension in the beam. If the beam is slightly longer or shorter
than the distance between the bearings, or it is improperly assembled, it may result
in a net non-zero axial load. Therefore, the axial tension needs to be measured before
conducting the experiments. This will ensure more certainty of in the conditions of
the experimental set-up and will also help repeatability of the experiments.
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Figure 6.21. The (a) model predictions, and (b) experimental results for
the no-foundation (gray to black curves), uncompressed foam foundation
(light blue to dark blue-curves) and precompressed foam foundation (light
red to dark red) cases. K1 = 120000 N/m2, precompression = 0.003 m,
and Co = 2.4 N s/m is used in simulations.
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Figure 6.22. The experimental measurement and the model predictions
for the no-foundation case. Experiments with 0.5g excitation: Increas-
ing frequency steps ( ⇤ ), Decreasing frequency steps ( e ). Model-
predictions with 0.5g excitation ( ), with 0.2g excitation and P = 35 N
( ).
6.6 Summary
The main focus of this chapter was to report on the experiments conducted on the
pinned-pinned beam with and without polyurethane foundation under the beam. For
this purpose, the test rig design was discussed first and model structure improvements
to be included in the model were discussed in Sections 6.1-6.3. Because of the ex-
perimental possibilities like pre-compression or arrangement of immovable bearings in
pinned-ends of the beam, these improvements were necessary. The experimental setup
used for the loading and measurements, and the specifications of some of the equip-
ment were described. The experimental results were presented for the three di↵erent
cases considered: no-foundation, uncompressed foam foundation and precompressed
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polyurethane foam foundation. The steady-state amplitude of the midpoint was used
to compare the responses in the three cases.
Another goal of the work reported in this chapter was to examine how well the
experimental frequency responses matched the model predictions. Procedures to es-
timate the model parameters like damping in the system, and sti↵ness and viscoelas-
ticity of the foam were described or readers are pointed to references where detailed
estimation procedures are described. Experimental and simulation results are in a
reasonable qualitative agreement (shapes of the frequency responses are similar); how-
ever, improvements to the model are necessary because parameter values with large
deviations from the estimated parameters were needed for experimental and simula-
tion results be reasonably close. A better estimation of the parameters of the foam
and the beam, the quantification of the tensile stresses induced due to the pin-beam
assembly are necessary. These issues will be discussed in more detail in the next
chapter.
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7. SUMMARY, CONCLUSIONS AND FUTURE RECOMMENDATIONS
In this chapter a summary of the research conducted, the main conclusions from the
research and recommendations for continuing research are given. Even though the
model predictions are in some agreement with experimental observations, improve-
ments are necessary in order to be able to predict more accurately. In the later half
of this chapter, deficiencies in the current model/methods are described, and possible
suggestions for future directions of this research are given.
7.1 Summary and Conclusions
A model to predict the static and dynamic response of a pinned-pinned beam on
a nonlinear, unilateral and viscoelastic foundation is developed. The model would
remain the same for all other boundary conditions as well, the only change would
be, the linear mode shapes considered as the spatial part of the solution will change
based on the boundary conditions. The most general form of the equations are derived
in Chapter 2. However, in subsequent chapters, some of the parameters are set to
zero in the numerical examples to explore separately the e↵ect each of them has on
the solution. The loads in the model can be localized or distributed, static and/or
dynamic. If the foundation reacts only in compression, the contact region changes
with beam motion and the estimation of the contact region was embedded into the
iterative solution procedure. The solution of the model was expressed as the sum of
an arbitrary number of modes and Galerkin’s method was used to derive the modal
amplitude equations.
The static responses of a beam on a nonlinear unilateral foundation subjected
to concentrated and distributed static loads, as well as axial loads was studied. To
account for the tensionless character of the foundation (the foam only plays a role
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when compressed in the unilateral case), an auxiliary contact function was introduced
and the solution of the model was sought in the form of a sum of modes of the linear
beam with no foundation. Even for a linear foundation, the unilateral cases are non-
linear and the solution was obtained by using an iterative technique. The unknown
lift-o↵ points, forming a part of the solution scheme, are obtained by employing a
numerically robust bisection method, which was applied in every iteration. The solu-
tion algorithm was modified so that the technique automatically allows for solutions
with multiple contact regions. Further, the complicated integrals in the solution are
solved analytically after using the convolution method to express the integrand as a
sum of harmonic components. This solution approach was found to be much more
computationally e cient than performing a numerical integration of the expressions
without the harmonic expansion. The adaptability of the current scheme to a va-
riety of loading conditions was demonstrated via examples. The e↵ect of various
system parameters: the beam length, linear or nonlinear foundation sti↵ness, and
di↵erent loads on the static response, was presented. It was observed that as the
relative foundation-beam sti↵ness (k1) is increased, there are significant di↵erences
in the lift-o↵ behaviour. The number of modes required for convergence increases
with increasing sti↵ness k1. The response in the unilateral case was compared to the
responses in the bilateral and no-foundation cases at every stage. It was observed
that as the foundation sti↵ness is increased, the deflections in the bilateral case tend
to move towards the zero load equilibrium position, while in the unilateral case they
tend to be more positive (beam moves upwards) due to the increased foundation reac-
tion forces. The method developed can e ciently compute the static response beam
on a unilateral foundation.
For the dynamic case, the solution was initially obtained by using numerical time-
integration. The method can also track the transient behavior and there is no restric-
tion on the type of loads to be applied. However, a higher number of modes need to be
included in the solution to reach the desired accuracy depending on the complexity of
the loading. As the number of modes increases, determining the results of integration
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in the intermediate steps of the solution procedure becomes computationally expen-
sive. Therefore, the incremental harmonic balance method was used, simultaneously
with the convolution method proposed in Chapter 3, to make the frequency response
predictions more e cient. The two techniques developed are particularly useful for
studying the dynamics of the beam on a unilateral foundation. The formulation de-
veloped can incorporate an arbitrary number of modes and an arbitrary number of
harmonics. Therefore it is possible to explore a wider variety of loading conditions
and quickly determine the number of modes and number of harmonics required to be
considered for convergence. Because of the high degree of nonlinearity, either due to
the foundation or the beam stretching, the steady-state solutions are typically mul-
tivalued. An arc-length continuation technique was employed to find other possible
solutions along a particular solution branch. The solution method was augmented
with a technique to account for the changing contact regions when the beam interacts
with a unilateral foundation and the steady-state response is studied.
A test rig was designed and built in order to verify the applicability of the model
and some of its limitations. During the model development some model structure
improvements were incorporated into the model to account for the experimental pos-
sibilities like pre-compression, stretching of the beam between the immovable bear-
ings, and base excitation of the beam. The experimental results were presented for
the three di↵erent cases considered: no foundation, an uncompressed polyurethane
foam foundation and a precompressed polyurethane foam foundation. The steady-
state response amplitudes of the midpoint is used to compare the responses in the
three cases. In order to predict the response corresponding to the experimental sys-
tem, procedures to estimate the unknown model parameters, primarily damping and
foam’s nonlinear sti↵ness parameters, were described. Lastly, the model predictions
using the estimated parameters were compared to the experimental results. While the
characteristics of the measured and predicted frequency responses are similar, there
are some quantitative discrepancies between them and the parameter value changes
required to align them are large. This is discussed further in the next section. It
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is observed both from the experiments and the predictions, that the pinned-pinned
beam with no foundation is the least sti↵ system and the one with the precom-
pressed polyurethane foam is the most sti↵ of the three cases considered. For the
uncompressed foam case, the sti↵ness lies in between these two. In spite of these
similarities, improvements to the model are necessary.
The two major contributions of this research are:
1. Development of a solution method that can e ciently predict the static and
steady-state periodic response of a pinned-pinned beam interacting with a uni-
lateral foundation; and
2. Development of an experimental fixture, and procedures to perform repeatable
experiments on pinned-pinned beam with unilateral or bilateral polyurethane
foam foundation.
In the future, experiments can be designed to explore how the model needs to be
modified to give better response predictions using this rig.
7.2 Future Research
As seen in Chapter 6, even though the experimental steady-state frequency responses
are similar to the model predictions, some significant issues still need to be addressed.
Some of these issues and suggestions for future directions of this research are described
in this section.
7.2.1 Arc-length Continuation Methods
First, the incremental harmonic balance method supplemented with the psuedo ar-
clength continuation method works well for the cases when there is no foundation
or there is a bilateral foundation. When the foundation is unilateral, and depend-
ing on the foundation parameters and excitation levels, the solution does not always
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converge at higher response levels. For example, in Figure 7.1 is shown a model pre-
diction of the mid-point response when a harmonic base excitation of 0.5g is applied
to the pinned-pinned beam. The elastic foundation is precompressed in this simula-
tion to a value of 0.03 cm like the example shown in Figure 6.21(a) (red curves). The
sti↵ness parameters of the foundation however, are obtained from a 2.53 min test to
13% compression of it’s original height (See Appendix G). The elastic behavior can
be characterized by a third order polynomial (with the parameters K1, K2 and K3)
over the initial 13% compression of the foam. At the end of this range the foam starts
to soften as seen in Appendix G, Figure H.1. In Figure 7.1, the steady-state response
of the beam shows a softening behavior because of the foam and initial static precom-
pression position. However as the amplitudes get su ciently high that the beam may
start to lift o↵ from the foam foundation, the response shows a hardening behaviour
due to the stretching nonlinearity. This transition from the softening to hardening to
softening behaviour, unlike the example shown in Figure 5.9, is much sharper. The
psuedo arc-length continuation used currently, didn’t perform well at these turns.
The solution first followed the blue curve, but at the sharp turning point near an
amplitude of 3.0 mm, the solution curve stopped converging, and the solution needed
to be started again with a di↵erent initial condition. From this new initial condition,
the solutions both in the increasing and decreasing excitation frequency directions
were explored until the solution ceased to converge again, or the range of frequencies
being studied was completed. Later, the simulation was restarted again from a high
frequency and the frequency of excitation decreased giving the solution along the red
curve to complete the whole steady-state frequency response in the range of 40-100
Hz. This exercise is time consuming and it is also possible that solution branches are
missed when there is no prior knowledge of how the curve should look. Therefore, the
pseudo arc-length continuation needs to be improved to accommodate sharp changes
in the response curves.
Currently the arc-length parameter is set to adaptively change according to the
number of iterations required in the previous iteration. This worked for all the no-
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Figure 7.1. Steady-state response of the midpoint of the beam on a non-
linear precompressed polyurethane foam foundation. A precompression
level of 0.03 cm, the sti↵ness parameters given in Table H, and Co = 2.4
N s/m are used for this example simulation. Di↵erent colors on the curve
indicate di↵erent pieces of solution separately obtained by carefully choos-
ing initial conditions and restarting the solution iterations when the IHB
with pseudo arc-length continuation ceases to converge along one previous
part of the curve.
foundation and bilateral foundation cases and in some but not all unilateral cases.
Higher orders predictors and better corrector methods could be explored within the
pseudo arc-length technique [55]. Increasing the foundation damping caused similar
problems with convergence, after the beam starts to lift o↵ from the foundation for
a part of the cycle. In those cases, the solution is more sensitive to small errors in
calculation of the lift-o↵ points. Fixing the continuation problem would help explore
more complex loading situations and parameter variations. Focus should also be on
some other questions such as, would one co-ordinate, w of the beam alone, be enough
to model the beam interacting with polyurethane foam? For the cases where the
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foundation damping is negligible compared to the other damping, one would most
likely be able to predict the response with a reasonable accuracy.
7.2.2 Incorporation of Hereditary Viscoelastic Models into the Harmonic
Balance Solution
In addition to the velocity proportional damping in the foundation, the viscoelastic
terms should be incorporated to improve the model’s applicability over a wider range
of loading and parameter variations. The viscoelastic terms would not only contribute
to the damping in the system, but one of the terms also modifies the sti↵ness (see
Equation (2.13), and observe the coe cients of powers of w and @w
@t
). Including
them, might give better predictions of steady-state response amplitudes and resonant
frequencies.
For a linear foundation case considering two hereditary type viscoelastic terms:
one dependent on the elastic force, and the other dependent on strain rate, Equations
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Note that V1 and V2 are the responses of the following di↵erential equations, which
can be derived by taking the Laplace transform of the convolution and recognizing s
as a di↵erential operator. Thus, V1 and V2 can be expressed as:
@V1
@t
+ ↵1V1 = a1Kw, (7.4)
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In Chapter 5, it is shown that the di↵erential equations for the modal amplitude
equations derived from the equation of motion (Equation(2.5)), can be further sim-
plified to a set of algebraic equations using incremental harmonic balance method.
The unknown modal amplitudes and their increments are expressed as Fourier series
and the coe cients in the Fourier series are solved for in the technique. Considering
a single-mode approximation and following a similar procedure as in Section 5.1, the
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Here R1, R2 and R3 are residues and are given by:
R1 =  (!20M11T 0010 + !0C11 T 010 + K11T10   F ), (7.9)
R2 = !0V
0
1 + ↵1V1   a1K1T10, (7.10)
R2 = !0V
0
2 +  1V2   b1!T 010, (7.11)
where, K1, a1, ↵1,b1,  1 are the foam foundation parameters. For all other notation
please refer to Chapter 5. The remaining procedure is also very similar to as described
in Section 5.1. The only di↵erence is that now the viscoelastic terms V1 and V2 and
their increments are also expressed as Fourier series. The Fourier coe cients of the
viscoelastic terms and the modal amplitudes are simultaneously solved using the
algebraic equations obtained from the Galerkin’s method. Then, the steady-state
response of the system can be constructed from the Fourier coe cients.
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7.2.3 Slow Response of the Foam Compared to That of the Beam
Whether it is because of a velocity proportional damping term or a viscoelastic term, if
the foam takes a long time to recover, then one would need to define two co-ordinates.
By the time the beam completes one cycle and about to touch the foam again, the
foam might still be recovering from the compression occurred in the previous cycle
of the beam. Therefore, the deflection of the beam w(x, t), and the deflection of the
top of the foam foundation wf (x, t) are two independent co-ordinates when the beam
loses contact with the foam foundation. When the beam is in contact with the foam,
wf (x, t) = w(x, t). The regions where the beam is not in contact, these two variables
are independent. This will be a tricky problem to solve because the mode shapes for
the pinned-pinned beam and the foam need to be both simple sine functions. Even if
they are, they will be a di↵erent linear combination of such functions. Finding where
the solutions coincide (contact regions) and where they deviate (non-contact regions)
for such functions will only be within some predetermined tolerance.
7.2.4 Beam Experiment Improvements
Another important addition that should be made to the experimental setup is to
design a measurement procedure to determine the axial force in the beam as a result
of tightening the screws while assembling the pins on to the beam or the variation in
the assembly process. The axial force and initial curvature in the beam also change
the sti↵ness of the overall system and hence the resonant frequencies/jump locations
in the nonlinear case. For this purpose, a strain gauge could be attached to the beam
and be used to measure the di↵erence in the strains before and after the tightening
of screws. This di↵erence in strain can be calibrated to the axial tension in the beam
using the Young’s modulus and Poisson’s ratio of the stainless steel beam.
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7.2.5 Parameter Estimation for Higher Strain-Rate Situations
The experimental results presented in Chapter 6 only qualitatively agreed with the
model predictions, showing that there are some gaps to be filled in the model. Once
the incremental harmonic balance method is appended with the equations arising due
to viscoelastic terms, the parameter estimation process could be made more robust
and the model predictions could be improved.
The foam parameters ad extracted from a quasi-static compression test may not be
su cient to predict the response behavior. Sundaram [35] performed quasi-static com-
pression tests at seven di↵erent strain-rates on the car-seat foam. This experimental
data has been used by Azizi, Bajaj and Davies [89] to extract the model parameters.
An empirical relation between the parameters and the strain-rate is obtained over
the range of experiments performed. The maximum strain-rate in the quasi-static
compression tests is 0.88%/s. Incorporating the parameters and strain-rate relation-
ship into an incremental harmonic balance routine, the steady-state response of a
foam-mass system under harmonic base excitation is predicted . These predictions
were very close to the responses in experiments performed by Sundaram [35]. The
maximum strain-rate in the foam-mass system harmonic base excitation experiments
is 1.60%/s. Even though the parameter strain-rate relationship is extrapolated to a
strain-rate twice the value of the maximum quasistatic compression test strain rate,
the predictions and the experiments were reasonably close for a foam-mass system
modelled as a single degree of freedom system. For experiments presented in this
thesis, using this technique may be questionable. The maximum strain-rate is about
88 %/s at resonance in the case of the uncompressed base excitation experiments
done at 0.5g, which is 100 times more than the maximum strain in the quasistatic
experiments. Therefore, predicting the parameter values at 88 %/s using the rela-
tionship obtained with data between 0.026 %/s to 0.88 %/s, would be too much of an
extrapolation. Better experiments and models should be sought for modelling foam
and for parameter estimation. Information from intermediate strain-rate experiments
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like drop tower tests (1000 to 10000 %/s ), or the high strain-rate tests using a Poly-
meric Split Hopkinson Pressure Bar (50000 to 200000 %/s), could supplement the
information from the quasistatic experiments to improve the viscoelastic parts of the
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APPENDIX A: EFFECT OF STATIC LOAD ON A NONLINEAR
EQUATION OF MOTION
In this appendix, a sample calculation is shown to demonstrate how a static load mod-
ifies the resonant frequencies and the form of nonlinearities in the resulting equation
of motion. This is useful to understand the results in Chapters 5 and 6.
For simplicity, consider a pinned-pinned beam on a linear foundation allowing for
the stretching nonlinearity. Ignoring all kinds of damping, the equation of motion for
















+ k1 w = 0. (A.1)
For a one-mode approximation, w(⇠, ⌧) = ⌅1(⇠)T1(⌧) and by using the Galerkin’s










T 31 = 0. (A.2)
Now consider, the forced vibration problem when the beam is subject to a static
and a dynamic load at the midpoint (⇠ = 0). Let the static load f10 cause a static de-
flection of w0 = T1sX1(⇠) in the beam. If ŵ = T1⌧ (⌧)X1(⇠) is the perturbation around
























T1s   T 31s.
When there is no static load, T1s = 0, for the linear case, the peak response of
the system occurs at the first modal frequency (at
q
⇡4
16 + k1 from Equation (A.2))
corresponding to the linear mode of pinned-pinned beam on a bilateral foundation.
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For the nonlinear system, because of the positive coe cient multiplying the cubic
term, the response will exhibit hardening type behavior. However, in the presence
of the static load (T1s 6= 0), the system will also have a quadratic nonlinearity. The
coe cients of the linear, quadratic and cubic terms depend on the magnitude of the
static load (or the modal amplitude, T1s). Therefore, the frequencies at which the
peak responses occur, whether the response is softening type, hardening type or a
mix of both, all depend on the relative contribution of each of the terms in Equation
(A.3).
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APPENDIX B: EVALUATING THE INTEGRALS APPEARING IN
EQUATION (2.9)
In this appendix, a sample calculation is shown to demonstrate how convolution can
be used to evaluate the integrals of the type that appear in Equation (2.9) e cienty.
Consider a two-mode approximation with one contact region, similar to the one
shown in Figure 3.10. Denote the integral limits in Equation (2.9) by  10 (lift-o↵
point) and 1 (end of the beam). For example, just consider a two-mode solution in
















(1 + ⇠) d⇠, (B.1)
in the equation of motion. These are then grouped into elements of matrices K1, K3
and C. They need to be evaluated as an intermediate step in every iteration. The
integrand has to be expressed as a sum of sines and/or cosines before the integration
can be done. Here this exercise in trigonometry/algebra is relatively simple. How-
ever, it would be desirable to set a stage to incorporate an arbitrary number of modes
and be able to cope with multiple contact regions that change as the estimates of Ti
change in each iteration. A method has been devised to deal automatically with an
arbitrary number of modes and contact regions.
The approach is illustrated here for the simple two-mode case and the term Q1
given in Equation (B.1):
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1. The expression for w(⇠) is first converted into a sum of complex exponentials
form and the coe cients of the resulting expression are collected in a vector as
shown below:
w(⇠) = T1 sin
⇡
2
(1 + ⇠) + T2 sin
2⇡
2















 1, z = exp(j⇡⇠/2) and D0 = w(0) = 0. The coe cient vector,












In general, for an N -mode approximation, the coe cient vector wcoef consists
of 2N + 1 elements from  TN/2j to +TN/2j.
2. The coe cients of the cubic, w3coef in the integrand of Equation (B.1) are same
as the elements of the vector obtained by convolving wcoef in Equation (B.3)
with itself and the result with wcoef , again is:
w3coef = (wcoef ⇤wcoef ) ⇤wcoef . (B.4)
Here, ⇤ represents convolution. Consider the sequences y1[n] of length 2Y1 + 1
(from  Y1 to +Y1) and y2[n] of length 2Y2 + 1 (from  Y2 to +Y2). If these two
sequences are combined by a linear convolution to obtain a third sequence y3[n],
then y3[n] is given by:




where n =  (Y1 + Y2) to (Y1 + Y2). Convolution of causal and acausal finite
sequences is widely used in discrete-time signal processing [90].
Note that the resulting vector in Equation (B.4) has 7 elements. In general, for
an N -mode approximation, the vector w3coef has 6N + 1 elements with indices
ranging from  3N to 3N . The cubic term comes from a cubic sti↵ness. For
higher orders sti↵nesses, e.g., M th order, the result of the M   1 convolutions
would have 2MN + 1 elements from  MN to MN .
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3. The further product in the integrand appearing due to the projection onto the
first mode, can also be evaluated along similar lines. If the resulting vector is











= w3coef ⇤⌅1coef .
Here, ⌅1coef represents the coe cient vector formed from the first mode function.
It must be noted that, in general, when the cubic is projected onto the sth mode
of an N -mode approximation, ⌅scoef will have 2s + 1 elements from  s to s
(with the first and last being the only non-zero elements), and w3pscoef consists
of 6N + 2s + 1 elements in total from  3N   s to 3N + s. Also, for the M th
degree sti↵ness polynomial, there are 2(MN + s) + 1 elements from  MN   s
to MN + s.
4. Once the coe cients of all the terms in the sum are calculated as in steps (1)
through (3), the integration is straightforward because each term is an exponen-
tial. For e.g., the integral of the kth term in the sum of Q1 in Equation (B.1)














Note that, w3pscoef (k) is the k
th element of the coe cient vector w3pscoef , and k =
 3N   s to 3N + s. Q1 is thus the sum of such 6N + 2s+ 1 integrals.
This algorithm for calculating the integrals, as opposed to determining the trigono-
metric functions and integrating, is very flexible and also results in considerable re-
duction in computational time. For instance, a 20-mode approximation utilizing this
algorithm takes less than 0.83% of the time taken otherwise, evaluating the integrals
conventionally.
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APPENDIX C: EXPERIMENTAL MATERIALS, TEST RIG PART
DRAWINGS AND OTHER DETAILS
In this appendix, the details regarding all the materials and parts used in the ex-
perimental rig are given. Almost all the materials are purchased from one vendor,
McMaster Carr, and the manufacturer’s catalogue numbers are also given as part
number in the Table C.1 for future reference. All dimensions are in inches.
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Table C.1.
List of raw materials and finished parts used for building the experimental
test fixture. All dimensions are in inches.









89155K39 18⇥18⇥1 6061 Aluminum Adapter plate
89155K39 18⇥18⇥1 6061 Aluminum Adapter plate
89155K39 5⇥1.25⇥48 6061 Aluminum Support blocks
2102T27 0.04⇥12⇥15 1018 Steel 0.04 in. beams
6544K53 0.06⇥12⇥15 1018 Steel 0.06 in. beams
9057K161 3/16⇥12⇥18 6061 Aluminum Foam bed bottom




















Alloy Steel Socket Screws
5-40⇥5/8 L
Bearings/ support blocks
92217A540 Washers 17/32 ID⇥1 OD⇥2 Nuts/Screws
92510A364 Spacers 1 OD⇥1/2 Long Adapter plate/Shaker
92620A722 Grade 8 HSS Screws 1/2-13⇥2.5L Adapter plate/Shaker
93839A823
Grade 8 Hex nuts
1/2-13, 3/4 W⇥5/16 H
All screws
92220A142 Alloy Steel Screws 6-32 3/8 L Pins/Beam
90760A007 Nuts 6-32, 1/4 W⇥3/32 H
Support blocks to
Adapter plate
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APPENDIX D: PHOTOGRAPHS OF THE EXPERIMENTAL
SETUP
This appendix consists of the photographs of the experimental setup and parts. The
experiments include both uniaxial compression tests and the base-excitation tests.
Figure D.1. The pinned support producing a pinned-pinned boundary
condition. The pins are made from high strength 7068 Aluminum. Figure
also shows the support blocks, plummet bearings, beam and the fasteners
of the assembly.
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Figure D.2. Assembly of the pinned-pinned beam and the adapter base
plate before being mounted on the electromagnetic shaker.
180
Figure D.3. Top photo: two types of flexible polyurethane foam blocks
used for compression test. Bottom photo: zoomed-in views to show the
di↵erence between the texture and density of the two foams.
181
Figure D.4. A pinned boundary condition, same as in Figure D.1, but this
photograph shows the polyurethane foam foundation beneath the beam.
182
Figure D.5. Cut polyurethane foam foundations of di↵erent heights and
widths.
183
Figure D.6. A view of the setup from the front. The laser doppler vibrom-
eter is used for measuring the velocity of a point or a set of points on the
beam.
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APPENDIX E: A GUIDE TO USING POLYTEC PSV-400
The steps necessary before making the measurements with LDV are listed in this ap-
pendix. The system consists of a PSV-I-400 scanning laser head, PSV-E-401 Junction
box, OFV-5000 Vibrometer controller and PSV-W-401 Data Management System.
The following quick steps are recommended for using LDV for the current context of
base excitation experiments. For details, the reader should refer to PSV 8.0 software
manual.
1. Ensure the BNC cables are connected as shown with red arrows in Figure E.1:
a) OUTPUT channel on controller to VELO channel on junction box, and b)
From the accelerometer to the REF1 channel on the junction box. Note that
the white arrow connection is not necessary for these experiments.
2. Install the laser head on the ceiling rail and connect the umbilical cord as well
as the power cord to the unit. Also tie the safety strap on through the handle
of the scanning head around the ceiling rail.
3. Turn the junction box, controller and the data management system on. Also
start the PSV 8.0 software into the acquisition mode (shown as a laser button,
or go to View>Acquisition).
4. Alignment: To define the scan points on the live video image and to move the
laser beam using the mouse, you have to align the coordinates on the live video
image to the measurement plane. More points, evenly distributed all over the
measurement surface are observed to give precise measurements.
(a) Drag the laser using the middle mouse button;
(b) Click on the beam at di↵erent evenly spread out locations to complete the
alignment.
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Figure E.1. Connections on the junction box and the controller of the PSV-
400 LDV.
5. Scan points definition: Once the alignment is done, scan points are to be de-
termined based where you want the measurements. If you want the operational
deflection shapes, you may have to define a scanning grid. There are a number
of drawing tool options suitable for even more complicated geometries.
(a) Drag the laser using the middle mouse button to each of the scan points.
If there are too many scan points, choose preferably on the boundary and
some inside right click on them and choose ’Assign best focus’
(b) Later choose the option to interpolate the values to all the other scan points
which are not foucussed.
6. Now set the parameters of testing using either the A/D button on the console
or Acquisition>Settings on the menu and start scanning.
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APPENDIX F: BAND-LIMITED WHITE NOISE EXCITATIONS
AT 0.001 g2/Hz AND 0.0005 g2/Hz
This appendix consists of experimental results from higher level of band limited white
noise excitations with power spectral density levels of 0.001 g2/Hz and 0.0005 g2/Hz.
In this experiment the best (in a least squares sense) linear frequency response func-
tion relating the base acceleration, z(t), to the mid-point velocity, w(0, t), is calculated





where Ĥ(f) is the estimate of frequency response function, Ŝzw is the estimate of cross
spectral density of the excitation and response signals, and Ŝzz is the estimate of power
spectral density of the excitation signal. This H1 estimation works well when there
is very little or no noise on the excitation signal. The estimates were performed by
using percent segment averaging with a Hann window and 50% overlap. The window
size was 3.2 seconds giving rise to a spectral resolution of 0.3125 Hz. The number of
segment averages taken were 50. The coherence function was also estimated using the
estimates Ŝzz, Ŝzw and Ŝww, where Ŝww is the power spectral density of the response.
As the base excitation level is increased, the nonlinear e↵ects are more pronounced
and the best linear explanation of the relationship between excitation and the response
changes. Where the nonlinearity is most pronounced (close to the resonance frequen-
cies and linear combinations of the resonance frequencies and harmonics of them) the
coherence is at the lowest.
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Figure F.1. Results from an experiment on the pinned-pinned beam. Ex-
citation, z(t), is band-limited white noise with a power spectral density
level of 0.001 g2/Hz over the frequency range 10 to 500 Hz. Response,
w(0, t), is the velocity at the mid-point of the beam. (a) Excitation power
spectral density, (b) response power spectral density, (c) magnitude of the
estimated frequency response relating base excitation to the response, and
(d) the coherence function.
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Figure F.2. Results from an experiment on the pinned-pinned beam. Ex-
citation, z(t), is band-limited white noise with a power spectral density
level of 0.0005 g2/Hz over the frequency range 10 to 500 Hz. Response,
w(0, t), is the velocity at the mid-point of the beam. (a) Excitation power
spectral density, (b) response power spectral density, (c) magnitude of the
estimated frequency response relating base excitation to the response, and
(d) the coherence function.
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APPENDIX G: REPEATABILITY OF THE HARMONIC BASE
EXCITATION TESTS
This appendix consists of experimental results to show the repeatability of tests per-
formed on di↵erent days without disturbing or disassmebling the test setup.






























Figure G.1. Repeatability of harmonic base excitation test at 0.5g from
two tests performed on di↵erent days. Day 1 Forward ( ⇤ ), Day 1 reverse
( e ); Day 3 forward ( ⇤ ), Day 3 reverse ( e ).
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Figure G.2. Repeatability of harmonic base excitation test at 0.5g and 1.0g
for tests performed on di↵erent days. Day 1 Forward, 0.5g ( ⇤ ), Day 1
reverse 0.5g ( e ); Day 3 forward 0.5g ( ⇤ ), Day 3 reverse 0.5g ( e );
Day 1 Forward, 1.0g ( ⇤ ), Day 1 reverse 1.0g ( e ); Day 3 forward 1.0g
( ⇤ ), Day 3 reverse 1.0g ( e ).
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APPENDIX H: QUASISTATIC COMPRESSION TEST DATA ON
HR FOAM AND PARAMETER ESTIMATION
This appendix is focused on the compression tests conducted on HR polyurethane
foam and estimation the foam model parameters.
For this purpose, the model described in [89] for polyurethane foam is fitted to
the compression test data by using an iterative multi-stage least squares approach,
also described in [89]. In this model, the nonlinear elastic behaviour of foam is char-
acterized by a higher order polynomial and the viscoelastic terms with hereditary
type models which are both strain and strain rate dependent. A 15th order polyno-
mial and two viscoelastic terms are considered in the estimation process. The first
viscoelastic term is a convolution with the nonlinear elastic stress and the second is
the convolution with the strain-rate. Using the experimental data the parameters
K1, K2, . . . , K15, a1,↵1, b1,  1 were estimated. For example, for a 2.53 minute com-
pression test, the experimental data and the model predictions using the estimated
parameters are shown in Figure H.1. In typical tests the foam is compressed to 67 %
strain as shown by the blue curve in Figure H.1. Another example shown is from a
2.53 min test performed on the same foam two days later to only 13 % compression.
This is the maximum level of compression, foam experienced in the base excitation
experiments with the pinned-pinned beam. A 15th order polynomial would not be
necessary to model this data (shown by the black curve). Therefore, a third order
polynomial is used for the elastic part. The estimated parameters (shown in Table
H.1) are used in simulations.
One can also use the quasistatic compression tests performed at di↵erent strain-
rates (see Figure 6.17) and use the parameters estimated from each of the tests to
find the relationship between the strain-rate and the parameters. This parameter
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Figure H.1. Measured and predicted stress in a 2.53 min quasistatic com-
pression test.
dependence can then be used to extrapolate the parameter information at a higher
strain-rate. While this approach may give good results when target strain rate is two
or three times the max strain-rate compared to that in the experiments (0.44 %/s).
However, that level extrapolation may not work in order to predict the parameter
values at strain rates 44 %, which are the strain rates levels observed in the base
excitation experiments with pinned-pinned beam and polyurethane foam foundation.
The repeatability of a sample 2.53 minute test on the HR foam is shown in Figure
H.2. All the di↵erent strain-rate tests have been repeated and the repeatability
confirmed before using the data for parameter estimation.
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Table H.1.
Estimated foam parameters using the foam model described in the Azizi’s
work [89] and the compression test data from a 2.53 min test compressing



























Figure H.2. 2.53 min quasistatic compression test on a 3” cube HR
polyurethane foam block. Tests are done on two di↵erent days, and the
results are repeatable. Day 1 ( ), Day 3 ( ).
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APPENDIX I: EXPERIMENTAL RESULTS FOR XL-38 FOAM
In this appendix the results of the experiments done on XL-38 foam are described.
Even though this foam was used for initial experiments, after performing the compres-
sion tests on this foam and observing that the response of this foam is quite di↵erent
to that of the car-seat foam, the experiments done on this foam have been shelved
for future investigations. The quasistatic compression tests are shown in Figure I.1
and the harmonic base excitation tests are given presented in Figure I.2.


















Figure I.1. 2.53 min quasistatic compression test on a 3” cube XL-38
polyurethane foam block. Tests are done on two di↵erent days, and the
results are repeatable. Day 1 ( ), Day 3 ( ).
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Figure I.2. Experimental measurements of steady-state response of the
beam on precompressed polyurethane foam foundation at di↵erent levels of
harmonic base excitation: 0.5g forward ( ⇤ ), reverse ( e ), 1.0g forward
( ⇤ ), reverse ( e ). (a) Midpoint deflection, (b) midpoint velocity scaled
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